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strictsolution. Mo11ifyng, in our case, means rep1acing F with
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The aim of this work is to study the origina1 prob1em, i .e.(l) , ln L1 and

to find the connexion between the solution u(t) of (1) and the solution

u (t) of the mo11ified prob1em.
e

Precisely we prove that if Uo
l n 00

€ L L then (1) has a unique loca l "mild"

solution, i.e. the integra1 version of (1) has a unique local solution. If

[D,t] is the existence time interva1 of such solution u(t), we have

1im Ilu (t) - u(tHI = O
e:-+o+ e:

uniformlyrespectto t inCO,t). 11·11 lstheusualnormin L1.

We sha11 use the we11-known resu1ts of 1inear semigroup theory for which we

refer to [4J Chapter 9. For the results on the non 1inear evo1ution equations

(in particular for semi-1inear ones) we refer to [3],[6] and [8J.

2. THE A8STRACT PROBLEM.

Denote x = (f =f(x,v,w);
1 2-

feL (R xV)} and Xo =(f;feX, f(x,v,x) = O a.e. if

vé V} Xo is a c10sed subspace of X and we use it to get the third relation

ln (1).

Defi ne

A f = v f - w-v f + ~ f
l x T v T

(6 )

f w-v f
x + T v
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x

af
ax '

f =
v

- '+ -

af are distributional derivati ves.
av

If we consider the linear homogeneous prob1em connected with (1) and use the

method of characteristics, we haVé

(7) u(x,v,w;t) t= exp - uT o

- -
(x(t), v(t),w)

- -
x(t) - x(x,v,w;t)

where
t

- x-wt+(w-v)T(exp T-l)

- - t
v(t) - v(x,w;t) = w -(w-v) exp T .

If we denote

(8) =Z(t)f] (x,v,w)
t - -- exp - f(x(t),v(t),w)
T

teR

then we have as 1n I1~ .

Lemma (1) . (a) {Z(t); teR}C ~(X); (b)'IZ(t)f'I=llfli

for feX; (c) {Z(t); teR) ;s a group.

If Zo(t) 1S the restriction of Z(t) to the subspace Xo' Zo(t) map5 Xo

;nto itse1f for t > a and we have

Lemma (2). (a) {Zo(t); t.:: al c. iIl(Xo) and;s a semigroup

(b) IIZo(t)fl =llfl, for feX o; (c) Zo(t) 15 5troug1y continuous 1n t for t>ù

If we denote by Ao the infinitesima' generator of Zo(t) ([41) Chapeter 9) lt

is easy to prove that Al is the restriction of Ao to the 5et D(A
l

) c D(A_i

and that Zo(t)[D(A,J1 c D(A,) (see [lJ).

The natural domain of F •1S

D(F) = ! f ; f e Xo , F(f) e Xo

and because thi5 1S not the who1e Xo it 15 usefu' to introduce the following sets



s(r)

where r
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= If:feXolì X ; Ilfll < r}
~ ~-

is a positive constant and

Ilfll - ess sup {If(x,v,x) I : (x,v,w)
~

We have

2 -
e R x V}.

Lemma (3). (a)

i f feX o n X ,
~

PROOF.

Xol"X CD(F); (b)IIF(f)11 < q dllfll Ilfll
~ - ~

3
where d = (v

2
-v

l
) ; (c) s(r) is closed in Xo .

(a).(b): If feX o '"I X and
~

v~ V then F(f)(x,v,w) - O a.e.

(c ) If we suppose that fes(r),
n

I ,f -f ~ O as n ~ ~ ,but f ~ s(r), then we obtain a contradiction
n

•
Rema rk (l). I t 15 usefu 1 to introduce s ( r) because X r"\ X

o ~
15 not ciosed

With the preceding notation, the problem (l) assumes the abstract form

(9 )
du
dt = Aou(t) + F(u(t)) t>O;

where u : [0,+0» ~ Xo and

of the prob I em (9) i s

d
dt

is a stron9 derivative . The integrai verSlon

! l O)

where

( l l )

t
u(t) = ul(t) + f Zo(t-s)F(u(s)) ds

o
t > O

a nd from (b) of Lemma (2) I IuI ( t) I = I I Uo I

Every solution of (9) is also a solution of (10), but the converse ;5 not

generally true. For this reason every solution of (IO) is said to be a "mi Id"

solution of (9) (see [3J).


