poC =PocC=pocC and Tp(a) =Tpodc=Tp(8) .

Since d y(o) depends only on o and g, we can put

11 PROPOSITION.

Let n' = (E',p',M) and n" = (E",p",M) be vector bundles.
There is a unique map

t . TE' & TE"=———> T(E' 2

™ =

M

such that the following diagram is commutative

a TE”-———————-————#———)T'E By E")

d:<;:::MHH“aE ,fffffffff:;;c"

for each ¢':R » LE' and c":R - E" such that

pl 0 C| - pll 0 C“

This map is a surjective linear homomorphism over TM .

2. - THE COTANGENT SPACE OF A BUNDLE.

Let n =(E,p,M) be a ¢ bundle.

1 DEFINITION.
The COTANGENT BUNDLE OF E 1is the vector bundle

T*E

%*
(T E! pE!E}
2 DEFINITION.

The HORIZONTAL BUNDLE OF TE is the pull-back vector bundle

h'r*E
*.
where h T E

(hT¥E,nLLE),
k=
E XM T M

i1
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Hence the following diagram is commutative

h T f — M

m o
N
E

3. PROPOSITION.

The transpose map of h : TE - h TE over E is an injective map

" T'E > TTE

The following diagram is commutative

h T Fe— T'F

. E
PROOF .

In fact h T*E is the dual of h T E and h 1s surjective
4 PROPOSITION.

The inclusion h T*E > T*E identifies h T*E with the orthogonal of
PROOF .
In fact vIE 1s the kernel of h

5 DEFINITION.
The VERTICAL BUNDLE OF T'E is the guotient vector bundle

ot E = (VITE, EE,E)
*

where v T = TYE/RhTE

The following sequence is exact and the diagram commiutative

* * J X
0 oy h TEoy TE ) VT E 30

\F}E
! ; :

O

6 DEFINITION.
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The COTANGENT BUNDLE OF E, ON T E, is

T*E = (T*E, V ,UT*E).
V

The HORIZONTAL BUNDLE OF T'E, ON T E, is the pull-back vector bundle

+* Bz (RT'E, U,WTE)

W

where ET*E = vT*Eth T*E and ~ .

<
1]
—

Hence the following diagram 1s commutative

R L -
?'J, - I
T'E e, E
7 PROPOSITION.
The bundle B = (TE,u,vT E)

v
1s an affine bundle, whose vector bundle is
-%x

T E=(hTYE, U,0TTE)

W

PROOF .
Let 8] e ;T:E
We get o=t el = {a € T:E;u(a)=[p}}.
Since v T:E B uT:E is a linear map, then ™' [g] s an affine space,
whose vector space is Ker v = h T*E .

e 2
Hence T*E 1 an affine bundle on uT*E and a vector bundle on E.

8 PROPOSITION.

Let n = (E,p,M) be an affine bundle, whose vector bundle is n = (E,B,M).

Let ST e s Ex BT
M
be the transpose map of the inclusion
E}(ME ¥ VTE — TE -~

The following sequence 1s exact



- 10 -

0 » hT'E > TE — ExE" >0
Then there is a unique homomorphism over E
vT*E > EX E*

M

such that the following diagram is commutative

*
T E

N %‘:
vT*Eh/-r »y £ X E*

Such a map 1S an isomorphism

—

We will often make the identification

e -
v T E - XMEx
. * — %
9 We define the map Ll vI £ - E
e T2
by the composition y T*E > ExM E* H% E*

Then we get the commutative diagram

and the homomorphism

is an isomorphism on fibers.

3 - THE SECOND TANGENT AND COTANGENT SPACES OF A MANIFOLD.

| As a particular case of the previous results, let us consider

- 5
vz (TMIT, MY or ooz (T M

M M)

M



