Note di Matematica 27, n. 1, 2007, 145–152.

A study of some spaces related to β-open sets

Sanjay Tahiliani

250,Double-Storey, New Rajinder Nagar, NewDelhi-110060, India

sanjaytahiliani@yahoo.com

Received: 11/05/2006; accepted: 22/10/2006.

Abstract. The purpose of this paper is to introduce weakly β-R0 spaces, β-US spaces and to obtain their basic properties. It is shown that weakly β-R0 and β-US spaces are preserved under pre-β-closed injection and pre-β-closed bijection respectively.

Keywords: weakly semi-R0 spaces, weakly β-R0 spaces, β-US spaces

MSC 2000 classification: 54C10, 54D10

1 Introduction and preliminaries

In 1986, Monsef et al. [2] defined and studied β-closure of a set in topological spaces. In this paper, using β-closure, we introduce weakly β-R_0 spaces for non trivial topology, β-US spaces and obtained preservation theorems for weakly β-R_0 spaces and β-US spaces. Several characterizations and fundamental properties are obtained. Throughout the present paper, X and Y always mean topological spaces on which no separation axiom is assumed unless explicitly stated.

Let A be a subset of a space X. The closure of A and interior of A are denoted by Cl(A) and Int(A) respectively.

Here we recall the following definitions, which will be used often throughout the paper.

1 Definition. A subset A of a topological space X is said to be β-open [1] (resp. semi-open [7], α-open [11]) if A ⊆ Cl(Int(Cl(A))) (resp. A ⊆ Cl(Int(A)), A ⊆ Int(Cl((Int(A))))). The complement of a β-open (resp. semi-open) set is said to be β-closed [1](resp. semi-closed [5]) and β-closure [2] (resp. semiclosure [5]) of a set A, denoted by β Cl(A) (resp. SCl(A)), is the intersection of all β-closed (resp. semi-closed) sets containing A. A is said to be β-clopen [13] if it is β-open as well as β-closed.

2 Weakly β-R_0 spaces

2 Definition. A topological space X is said to be semi-R_0 [8] if and only if for each x ∈ X, SCl({x}) ⊆ G, where G is an open subset of X.

3 Definition. A topological space X is said to be weakly semi-R_0 [4] if and only if ∩SCl({x}): x ∈ X = ∅.

4 Definition. A topological space X is said to be weakly β-R_0 if and only if ∩β Cl({x}): x ∈ X = ∅.

5 Theorem. Every weakly semi-R_0 space is weakly β-R_0. Proof. The proof is obvious in view of the fact that

∩ {β Cl ({x}) : x ∈ X} ⊂ ∩ {SCl ({x}) : x ∈ X} . QED The converse of the above theorem is not true as can be seen from the following example:

6 Example. Let X = {a, b, c}, T = {∅, X, {a, b}}. It is evident that

∩ {β Cl ({x}) : x ∈ X} = ∅ but ∩ {SCl ({x}) : x ∈ X} = {c} ≠ ∅.

7 Theorem. If a space X is weakly β-R_0 then for every space Y , the product space X × Y is weakly β-R_0.

Proof. Using [2, Theorem 2.10], we have

∩ {β Cl ({x, y}) : (x, y) ∈ X × Y } ⊆ ∩ {β Cl ({x}) × β Cl ({y}) : (x, y) ∈ X × Y } = ∩ {β Cl ({x}) : x ∈ X} × ∩ {β Cl ({y}) : y ∈ Y } ⊆ ∅ × Y = ∅. QED 8 Definition. A function f : X → Y is said to be pre-β-closed [9] if the image of each β-closed subset of X is β-closed in Y .

9 Theorem. Let f : X → Y be a pre-β-closed injective function. If X is weakly β-R_0, then so is Y .

Proof. Using [9, Theorem 3.3 (ii)], we have

∩ {β Cl ({y}) : y ∈ Y } ⊆ ∩ {β Cl ({f(x)}) : x ∈ X} ⊆ f (∩ {β Cl ({x}) : x ∈ X}) = f(∅) = ∅. QED

10 Definition. Let (X, T ) be a topological space and let x ∈ X. The β- Kernel of x is denoted and defined by

β- ker(x) = ∩ {U : U is β-open in X and x ∈ U} .

11 Theorem. A topological space X is weakly β-R_0 if and only if β-ker(x) ≠ X for each x ∈ X.

Proof. Let x_0 be a point of X such that β-ker(x_0) = X. This means that x_0 does not belong to any proper β-open subset of X. Therefore x_0 belongs to every proper β-closed subset of X. Hence x_0 belongs to the β-closure of every singleton. Therefore x_0 ∈ ∩ {β Cl({x}): x ∈ X} = ∅, as by assumption X is weakly β-R_0. This is a contradiction.

Conversely, assume that β-ker(x) ≠ X for each x ∈ X. If there is a point x_0 in X such that x_0 ∈ β Cl ({x}) then, every β-open set containing x_0 must contain every point of X. Therefore, the unique β-open set containing x_0 is X. Hence β-ker(x_0) = X, which is a contradiction. Thus X is weakly β-R_0.^{QED}

3 β-US-spaces

The concept of US-space was introduced by Slepian [15] and was further studied by Cullen [6], Murudeshwar, Naimpally [10] and Wilansky [16]. A space X is said to be a US-space if every sequence in X converges to a unique point. In this section, we introduce a weaker concept namely the concept of β-US spaces by making use of β-open sets.

12 Definition. A sequence ⟨x_n⟩ is said to s-converge [3] to a point of x if ⟨x_n⟩ is eventually in every semi-open set containing x.

13 Definition. A sequence ⟨x_n⟩ is said to β-converge to a point x if ⟨x_n⟩ is eventually in every β-open set containing x.

14 Definition. A space X is said to be semi-US [3] if every sequence in X s-converges to a unique point. Every US-space is semi-US but not conversely [3, Example 1.5].

15 Definition. A space X is said to be β-US if every sequence in X βconverges to a unique point.

Clearly, every semi-US space is β-US but not conversely as can be seen from the following example:

16 Example. Let X = {a,b,c,d} and let T = {∅,X, {a,b,c} , {b,c,d} , {b, c}} then (X, T ) is β-US space but not semi-US space, not even T_1.

17 Definition. A space X is said to be β-T_1 (respectively, β-T_2) [9] if for any two distinct points x and y of X, there exist β-open sets U and V such that x ∈ U and y /∈ U, y ∈ V and x /∈ V (resp. x ∈ U,y ∈ V and U ∩ V = ∅).

18 Theorem. Every β-US space is β-T_1.

Proof. Let X be β-US. Let x and y be two distinct points of X. Consider the sequence ⟨x_n⟩ where x_n = x for every n. Clearly ⟨x_n⟩ β-converges to x. Also, since x ≠ y and X is β-US, ⟨x_n⟩ cannot β-converge to y. That is, there exists a β-open set V containing y but not x. Similarly if we consider the sequence ⟨y_n⟩ where y_n = y for all n and proceeding as before, we get a β-open set U containing x but not y. Thus X is β-T_1.^{QED}

The converse of the above theorem need not be true as can be seen from the following example:

19 Example. Let X be a countably infinite set and T be the cofinite topology on X. Then (X, T ) is T_1, hence β-T_1 but not β-US since the every sequence of distinct points of X converges to more than one point.

20 Theorem. Every β-T_2 space is β-US.

Proof. Let X be β-T_2 and let ⟨x_n⟩ be a sequence in X. If possible, suppose that ⟨x_n⟩ β-converges to two points x and y. That is, ⟨x_n⟩ is eventually in every β-open set containing x and also in every β-open set containing y. This is not possible since X is β-T_2. Thus x = y.^{QED}

Converse of the above theorem need not be true as can be seen from the following example:

21 Example. Let X be an uncountable set and let T be the cocountable topology on X. Then (X, T ) is β-US but not β-T_2. The above example also shows that a US-space need not be β-T_2.

22 Definition. A set B is said to be sequentially β-closed if every sequence in B β-converges to a point in B.

23 Theorem. A space X is β-US if and only if the diagonal Δ is a sequentially β-closed subset of X × X.

Proof. Let X be β-US. Let ⟨x_n,x_n⟩ be a sequence in Δ. Suppose that ⟨x_n,x_n⟩ β-converges to ⟨x, y⟩. That is, ⟨x_n⟩ β-converges to x and y. Therefore x = y. Hence Δ is sequentially β-closed. Conversely, let Δ be sequentially βclosed. Let a sequence ⟨x_n⟩ β-converges to x and y. Hence, ⟨x_n,x_n⟩ β-converges to ⟨x, y⟩. Since Δ is sequentially β-closed, ⟨x, y⟩ ∈ Δ, which means that x = y.^{QED}

24 Definition. A subset Y of a space X is said to be sequentially β-compact if every sequence in Y has a subsequence which β-converges to a point in Y .

25 Theorem. In a β-US space, every sequentially β-compact set is sequentially β-closed.

Proof. Let X be β-US. Let Y be a sequentially β-compact subset of X. Let ⟨x_n⟩ be a sequence in Y. Suppose that ⟨x_n⟩ β-converges to a point in X ∽ Y . Let ⟨x_{np}⟩ be a subsequence of ⟨x_n⟩. Since Y is sequentially β-compact, there exists a subsequence ⟨x_{np}⟩ of ⟨x_n⟩ such that ⟨x_{np}⟩ β-converges to a point y in Y . Also, a subsequence of ⟨x_n⟩,⟨x_{np}⟩ β-converges to x ∈ X ∽ Y . Since ⟨x_{np}⟩ is a sequence in β-US space X,x = y. Thus, Y is sequentially β-closed.^{QED}

26 Theorem. Product of arbitrary family of β-US spaces is β-US. Proof. Let X = ΠX_{λλ∈Δ} where each X_λ is β-US. Let a sequence ⟨x_n⟩ in X

β-converges to x = (x_λ) and y = (y_λ). Then the sequence ⟨x_{nλ}⟩ β-converges to x_λ and y_λ for each λ ∈ Δ. For, suppose that there exists a μ ∈ Δ such that ⟨x_{nμ}⟩ does not β-converge to x_μ. Then there exists a τ_μ-β-open set U_μ containing x_μ such that ⟨x_{nμ}⟩ is not eventually in U_μ. Consider the set U = ΠX_{λλ≠μ} × U_μ. Then

U is a β-open subset of X [2, Lemma 2.1] and ⟨x_n⟩ is not eventually in U which contradicts the fact that ⟨x_n⟩ β-converges to x. Thus we get ⟨x_{nλ}⟩ β-converges to x_λ and y_λ for each λ ∈ Δ. Since X_λ is β-US, x_λ = y_λ for each λ ∈ Δ. Thus x = y. Hence, X is β-US.^{QED}

27 Corollary. Product of arbitrary family of β-T_2 space is β-T_2. 28 Theorem. Every α-open-subset of β-US space is β-US. Proof. Let Y ⊆ X be an α-open set. Let ⟨x_n⟩ be a sequence in Y. Suppose that ⟨x_n⟩ β-converges to x and y in Y . We shall prove that ⟨x_n⟩ β-converges to x and y in X. Let U be any β-open subset of X containing x and V be any β-open subset of X containing y. Then U ∩ Y and V ∩ Y are β-open subsets of Y [1, Lemma 2.5]. Therefore ⟨x_n⟩ is eventually in U ∩ Y and V ∩ Y and hence in U and V . Since X is β-US, x = y. Hence Y is β-US.^{QED}

29 Corollary. Every α-open-subset of β-T_2 space is β-T_2. 30 Remark. The subset {a, c} considered in Example 6 is not β-T_2. This shows that an arbitrary subset of β-T_2 space need not be β-T_2.

4 Some functions

31 Theorem. The image of a β-US space under a bijective pre-β-closed function is β-US.

Proof. Let f : X → Y be a bijective and pre-β-closed function and let X be β-US. Let ⟨y_n⟩ be a sequence in Y . Suppose that ⟨y_n⟩ β-converges to two points y_1 and y_2. In that case we shall prove that the sequence ⟨f^{−1}(y_n)⟩ β-converges to f^{−1}(y_1) and f^{−1}(y_2). Let U be a β-open set containing f^{−1}(y_1). Then f(U) is a β-open set containing y_1 and hence ⟨y_n⟩ is eventually in f(U). Therefore

⟨f^{−1}(y_n)⟩ is eventually in U. Hence ⟨f^{−1}(y_n)⟩ β-converges to f^{−1}(y_1). Similarly we can prove that ⟨f^{−1}(y_n)⟩ β-converges to f^{−1}(y_2). This is not possible since X is β-US. Hence Y is β-US.^{QED} 32 Corollary. The image of a β-T_2 space under a bijective pre-β-closed function is β-T_2.

33 Definition. A function f : X → Y is said to be totally β-continuous if the inverse image of every open subset of Y is a β-clopen subset of X.

34 Theorem. A space X is β-T_2 if for any two distinct points x and y of X, there exist β-open sets U and V such x ∈ U,y ∈ V and β Cl(U) ∩ β Cl(V ) = ∅.

Proof. It is Lemma 2.3 of [14].^{QED} 35 Lemma. Let f : X → Y be a totally β-continuous injection. If Y is T_0, then X is β-T_2.

Proof. Let a and b be any pair of distinct points of X. Then f(a) ≠ f(b). Since Y is T_0, there exists an open set U containing f(a) but not f(b). Then a ∈ f^{−1}(U) and b /∈ f^{−1}(U). As f is totally β-continuous, f^{−1}(U) is a β-clopen subset of X. Also a ∈ f^{−1}(U) and b ∈ X ∽ f^{−1}(U). By Theorem 34, X is β-T_2.^{QED} 36 Theorem. Let f : X → Y be a totally β-continuous injection. If Y is T_0, then X is β-US.

Proof. Immediate in view of Theorem 20 and Lemma 35.^{QED} 37 Definition. A function f : X → Y is said to be

(i) Sequentially β-continuous at x ∈ X if f(x_n) β-converges to f(x) whenever x_n is a sequence β-converges to x. If f is sequentially β-continuous for all x in X, then f is sequentially β-continuous.

(ii) Sequentially nearly β-continuous if for each x in X and each sequence x_n in X β-converging to x, there exists a subsequence x_{nk} of x_n such that f(x_{nk})^β → f(x)

(iii) Sequentially sub β-continuous if for each x in X and each sequence x_n in X β-converging to x, there exists a subsequence x_{nk} of x_n and a point y in Y such that f(x_{nk})^β → y.

(iv) Sequentially β-compact preserving if the image f(C) of every sequentially β-compact set C of X is sequentially β-compact set in Y .

38 Theorem. Let f : X → Y and g : X → Y be two sequentially βcontinuous functions. If Y is β-US, then the set E = {x | f(x) = g(x)} is sequentially β-closed.

Proof. Suppose that Y is β-US and ⟨x_n⟩ is a sequence in E β-converging to x in X. By hypothesis f and g are sequentially β-continuous functions, so f(x_n)^β → f(x) and g(x_n)^β → g(x). Since x_n ∈ E for each n and Y is β- US, f(x) = g(x) and hence x ∈ E. This shows that the set E is sequentially β-closed.^{QED} 39 Lemma. Every function f : X → Y is sequentially sub β-continuous if Y is sequentially β-compact.

Proof. Assume that ⟨x_n⟩ is a sequence in X β-converging to x in X. It follows that {f(x_n)} is a sequence in Y . Since Y is sequentially β-compact, there exists a subsequence {f(x_{nk})} of {f(x_n)} β-converging to a point y in Y . Therefore f : X → Y is sequentially sub β-continuous.^{QED} 40 Theorem. Every sequentially nearly β-continuous function is sequentially β-compact preserving.

Proof. Let f : X → Y be a sequentially nearly β-continuous function and C be any sequentially β-compact subset of X. We show that f(C) is a sequentially β-compact set of Y . Assume that ⟨y_n⟩ be any sequence in f(C). Then for each positive integer n, there exist a point x_n in C such that f(x_n) = y_n. Now ⟨x_n⟩ is a sequence in a sequentially β-compact set C. Thus there exists a subsequence ⟨x_{nk}⟩ of ⟨x_n⟩ β-converging to a point x in C. Since f is sequentially nearly β-continuous, there exists a subsequence ⟨x_j ⟩ of ⟨x_{nk}⟩ such that f(x_j)^β → f(x). So there exists a subsequence ⟨y_i⟩ of ⟨y_n⟩ β-converging to f(x) in f(C). This implies that f(C) is a sequentially β-compact set of Y .^{QED} 41 Theorem. Every sequentially β-compact preserving function is sequentially sub β-continuous.

Proof. Suppose that f : X → Y is a sequentially β-compact preserving function. Let x be any point of X and x_n be any sequence in X β-converging to x. We denote the set {x_n | n = 1, 2, . . . } by A and put K = A ∪ {x}. Since x_n β-converges to x, K is sequentially β-compact, by hypothesis, f is sequentially β-compact preserving and hence f(K) is a sequentially β-compact set of Y . Since {f(x_n)} is a sequence in f(K), there exists a subsequence {f(x_{nk})} of {f(x_n)} β-converging to a point y ∈ f(K). This implies that f is sequentially sub β-continuous.^{QED} 42 Theorem. A function f : X → Y is a sequentially β-compact preserving function if and only if f | K : K → f(K) is sequentially sub β-continuous for each sequentially β-compact subset K of X.

Proof. Necessity. Suppose that f : X → Y is a sequentially β-compact preserving function. Then f(K) is sequentially β-compact in Y for each sequentially β-compact set K of X. Therefore by Lemma 39, f | K : K → f(K) is sequentially sub β-continuous.

152 S. Tahiliani

Sufficiency. Let K be any sequentially β-compact set of X, we show that f(K) is sequentially β-compact in Y . Let y_n be any sequence in f(K). Then for each positive integer n, there exists a point x_n ∈ K such that f(x_n) = y_n. Since ⟨x_n⟩ is a sequence in a sequentially β-compact set K, there exists a subsequence ⟨x_{nk}⟩ of ⟨x_n⟩ β-converging to a point x ∈ K. By hypothesis, f | K : K → f(K) is sequentially sub β-continuous and hence there exists a subsequence of the sequence ⟨y_{nk}⟩ β-converging to y ∈ f(K). This implies that f(K) is sequentially β-compact in Y . Thus, f : X → Y is sequentially β-compact preserving.^{QED}

Acknowledgements. The author is deeply grateful to Dr. Arya for her valuable suggestions and remarks. Also author conveys his heartful thanks to the referee for his guidance that improved the quality of the paper.

References

[1] Abd El-Monsef M. E., El-Deeb S. N., Mahmoud R. A.: β-open sets and β-continuous mappings, Bull. Fac. Sci. Assint Univ., 12, (1983), 77–90.

[2] Abd El-Monsef M. E., Mahmoud R. A., Lashin E. R.: β-closure and β-interior, J.

Fac. Ed. Ain Shams.Univ., 10, (1986), 235–245.

[3] Arya S. P., Bhamini M. P., A note on Semi-US spaces, Ranchi. Univ. Math. Journal., 13, (1982), 60–68.

[4] Arya S. P., Nour T. M., Weakly-semi-R0 spaces, Indian J. Pure. Appl. Math., (12), 21, (1990), 1083–1085.

[5] Crossley S. G., Hildebrand S. K., Semi-closure, Texas. J. Sci., 22, (1971), 99–112. [6] Cullen H. F., Unique sequential limits, Boll. Un. Mat. Ital., 20, (1965), 123–124. [7] Levine N., Semi-open sets and semi-continuity in topological spaces, Amer. Math.

Monthly., 70, (1963), 36–41.

[8] Maheshwari S. N., Prasad R., On s-normal spaces, Bull. Math. Soc. Sci. Math.

R.S.Roumanie. (70), 22, (1978), 27–29.

[9] Mahmoud R. A., Abd El-Monsef M. E., β-irresolute and β-topological invariant, Proc.

Pakistan. Acad. Sci., 27, (1990), 285–296.

[10] Murudeshwar M. G., Naimpally S. A., Semi-Hausdorff spaces, Canad. Math. Bull., 9, (1966), 353–356.

[11] Njastad O., On some class of nearly open sets, Pacific. J. Math., 15, (1965), 961–970. [12] Noiri T., Remark on unique sequential limits, Boll. Un. Mat. Ital. (4), 7, (1973), 192–196. [13] Noiri T., Slightly β-continuous functions, Int. J. Math. Math. Sci. (8), 28, (2001), 469– 478.

[14] Noiri T., Weak and strong forms of β-irresolute functions. Acta. Math. Hungar., 14, (2003), 315–328.

[15] Slephan, A non-Hausdorff topology such that each convergent sequence has exactly one limit. Amer. Math. Monthly., 71, (1964), 776–778.

[16] Wilansky, Between T1 and T2. Amer. Math. Monthly, 74, (1967), 261–266.