Note di Matematica 27, n. 1, 2007, 77–83.

On ideal and subalgebra coefficients in a class of k-algebras

María Isabel González Vasco

Departamento de Matemática Aplicada, Universidad Rey Juan Carlos, c/ Tulipán s/n, 28933 Móstoles, Madrid, Spain,

mariaisabel.vasco@urjc.es

Rainer Steinwandt

Department of Mathematical Sciences, Florida Atlantic University, 777 Glades Road, Boca Raton, FL 33431, USA,

rsteinwa@fau.edu

Received: 02/02/2006; accepted: 25/04/2006.

Abstract. Let k be a commutative field with prime field k0 and A a k-algebra. Moreover, assume that there is a k-vector space basis Ω of A that satisfies the following condition: for all ω1, ω2 ∈ Ω, the product ω1ω2 is contained in the k0-vector space spanned by Ω.

It is proven that the concept of minimal field of definition from polynomial rings and semigroup algebras can be generalized to the above class of (not necessarily associative) kalgebras. Namely, let U be a one-sided ideal in A or a k-subalgebra of A. Then there exists a smallest k^′ ≤ k with U—as one-sided ideal resp. as k-algebra—being generated by elements in the k^′-vector space spanned by Ω.

Keywords: field of definition, non-associative k-algebra, one-sided ideal, k-subalgebra

MSC 2000 classification: primary 16W99, secondary 17D99

1 Introduction

For a polynomial ring R := k[X_1, . . . , X_n] over a commutative field k, it is well-known that to each ideal I ⊆ R a unique so-called minimal field of definition can be associated (e. g. [9, Chapter I, §7, Lemma 2], [3, Chapter III, Theorem 7]). In other words, there is a smallest subfield k^′ ≤ k such that both I has a basis B with the coefficients of all polynomials in B being contained in k^′, and k^′ is a subfield of each field spanned over the prime field by the coefficients of a basis of I.

Robbiano and Sweedler [5] (cf. also [4]) show that generators of this minimal field of definition can be derived from a reduced Gröbner basis of the ideal in question. Using SAGBI—a subalgebra analogue of reduced Gröbner bases of ideals—they are able to carry over the notion of minimal field of definition from ideals to k-subalgebras of R [5, Theorem 3.9]. In [7, Theorem 19] and [8] it is shown, that the concept of minimal field of definition is in fact well-defined for one-sided ideals and k-subalgebras of arbitrary semigroup algebras.

This contribution shows that the concept of minimal field of definition naturally carries over to more general k-algebras than only semigroup algebras. For showing this, we define the minimal field of definition with respect to a fixed vector space basis Ω of the k-algebra in question.—For Ω being the canonical basis S of a semigroup algebra k[S], this yields the established definitions, but with this basis-dependent approach, the existence of a minimal field of definition can be established for one-sided ideals and k-subalgebras of a significantly larger class of—not necessarily associative—k-algebras.

2 The minimal field of definition

Let k be a commutative field with prime field k_0, A a (not necessarily associative) k-algebra, and Ω a k-vector space basis of A. For subfields k^′ ≤ k, we write ⟨Ω⟩_k′_{−vec} for the k^′-vector space spanned by Ω, and we use the following terminology:

1 Definition. Let I be a left or right ideal in A. Then we call a subfield k^′ ≤ k minimal field of definition of I with respect to Ω if both

(i) there exists a subset G^′ ⊆ ⟨Ω⟩_k′_{−vec} such that I as left resp. right ideal is generated by G^′, and

(ii) for each G ⊆ A generating I as a left resp. right ideal, the field k^′ is contained in the extension field of k_0 generated by the k-coefficients of the elements in G w.r.t. the basis Ω.

Analogously, for a k-subalgebra B of A, a subfield k^′ ≤ k is called minimal field of definition of A with respect to Ω if both

(i) there exists a subset G^′ ⊆ ⟨Ω⟩_k′_{−vec} such that B as k-algebra is generated by G^′, and

(ii) for each G ⊆ A generating B as a k-algebra, the field k^′ is contained in the extension field of k_0 generated by the k-coefficients of the elements in G w.r.t. the basis Ω.

Note that for the special case of A = k[S] being a semigroup algebra over k and Ω = S, the above definition coincides with [8, Definition 1]; in particular for S = N^n_0 we obtain the established definitions for polynomial rings. Also it is obvious, that the minimal field of definition of a one-sided ideal resp. of a ksubalgebra is either unique or does not exist at all. Carrying over the arguments from the proof of [8, Theorem 1], one can verify that the latter case cannot occur, if the vector space Ω is “suitably closed” under multiplication:

2 Theorem. Let B be a one-sided ideal in A or a k-subalgebra of A. If for all ω_1, ω_2 ∈ Ω the inclusion ω_1ω_2 ∈ ⟨Ω⟩_{k0−vec} holds, then there exists a minimal field of definition k^′ ≤ k of B with respect to Ω.

Proof. First, we choose Σ ⊆ Ω such that {σ + B : σ ∈ Σ} is a basis of the k-vector space A/B. Next, denote by Σ := Ω \ Σ the complement of Σ in Ω. Then, by construction of Σ, for each σ ∈ Σ there are uniquely determined coefficients α_{σσ} ∈ k with σ − ∑ σ∈Σ α_{σσ} · σ ∈ B (1)

and α_{σσ} = 0 for all but finitely many σ ∈ Σ. Next, we define a field k^′ as

k^′ := k_0({α_{σσ} : σ ∈ Σ, σ ∈ Σ}). (2)

We want to prove that k^′ is is the minimal field of definition of B: for this, we first have to show that B—as one-sided ideal resp. as k-algebra— can be generated by a subset G_k′ ⊆ ⟨Ω⟩_k′_{−vec}. For showing the latter, it is sufficient to prove that each element of B is already contained in the k-vector space spanned by all elements of the form (1). So choose f = ∑ σ∈Σ β_σ · σ + ∑ σ∈Σ β_σ · σ ∈ B

arbitrary (in particular only finitely many coefficients β_σ, β_σ ∈ k are non-zero). By adjusting the coefficients in the second sum accordingly, we can write f in the form f = ∑ σ∈Σ β_σ · ( σ − ∑ σ∈Σ α_{σσ} · σ ) + ∑ σ∈Σ γ_σ · σ

with α_{σσ} as in (1), γ_σ ∈ k, and all summations being finite. Now by construction, both f and the σ − ∑ σ∈Σ α_{σσ} ·σ are contained in B. So from B being a k-vector space we conclude that ∑ σ∈Σ γ_σ · σ ∈ B. Because of {σ + B : σ ∈ Σ} being a k-vector space basis of A/B, we thus have γ_σ = 0 for all σ ∈ Σ, and

G_k′ := { σ − ∑ σ∈Σ α_{σσ} · σ | | σ ∈ Σ } ⊆ ⟨Ω⟩_k′_{−vec}

generates B as k-vector space as desired.

Now let G be an arbitrary generating set of B as one-sided ideal resp. as k-al-gebra, and denote by Θ the set of all coefficients that occur when expressing each element of G as k-linear combination in Ω. Thus, we are left to verify the inclusion k^′ ⊆ k_0(Θ) where

k_0(Θ) = k_0 ( {α | ∃g ∈ G : g = ∑ ω∈Ω λ_ω · ω , and α = λ_{ω0} for some ω_0 ∈ Ω} ) .

To do so, we prove that for each σ ∈ Σ the coefficients {α_{σσ} : σ ∈ Σ} from expression (1) are contained in k_0(Θ): fix σ ∈ Σ arbitrary, then σ− ∑ b∈Σ α_{σσ} ·σ ∈ B. If B is a left or right ideal in A, then there is a representation σ − ∑ σ∈Σ α_{σσ} · σ = { ∑ g∈G a_g · g with a_g ∈ A ∪ k, if B is a left ideal. ∑ g∈G g · a_g with a_g ∈ A ∪ k, if B is a right ideal. (3) For the case where G generates B as k-subalgebra of A, denote by Mag(X) the free non-associative magma generated by the indeterminates X := {X_g : g ∈ G}. By k{X} we denote the free magma algebra consisting of all finite k-linear combinations of elements in Mag(X) (cf. [1]). Then each element of B can be obtained from a suitable q ∈ k{X} through the “evaluation” X_g → g (g ∈ G). Denoting this “evaluation” by q(G), we can say that for G generating B as k-subalgebra there is a representation σ − ∑ σ∈Σ α_{σσ} · σ = q(G) with q ∈ k{X}. (4)

To complete the proof, it is sufficient to verify that

a_g ∈ ⟨Ω⟩_{k0(Θ)−vec} ∪ k_0(Θ) resp. q ∈ k_0(Θ){X} (5)

holds, as then the required inclusion {α_{σσ} : σ ∈ Σ} ⊆ k_0(Θ) follows from equation (3) resp. (4) and the assumption that the product of any two basis elements ω_1, ω_2 ∈ Ω is contained in ⟨Ω⟩_{k0−vec}.

To prove relation (5), we introduce new indeterminates for the non-zero coefficients of the a_g resp. of q:

• For B an ideal we either have a_g ∈ A or both a_g ∉ A and a_g ∈ k.

For a_g = ∑ ω∈Ω γ_{gω} · ω ∈ A we set

A_g := ∑ ω∈Ω Z_{gω} · ω

with new indeterminates Z_η and Z_η = 0 if the corresponding coefficient γ_η is zero. In the same manner we replace each a_g ∈ k, a_g ∉ A, by a new indeterminate A_g := Z_g.

• For B a k-subalgebra and q = ∑ t∈Mag(X) γt · t we set

Q := ∑ t∈Mag(X)

Z_t · t

with new indeterminates Z_η and Z_η = 0 if the corresponding coefficient γ_η is zero.

Now replacing in the sum ∑ g∈G A_g · g (resp. ∑ g∈G g · A_g) resp. in Q(G) the elements g ∈ G by their corresponding expressions g = ∑ ω∈Ω λ_ω ·ω, λ_ω ∈ k_0(Θ), we get an equation of the form ∑ g∈G A_g · g resp. ∑ g∈G g · A_g resp. Q(G) = ∑ σ∈Σ p_σ · σ + ∑ σ∈Σ p_σ · σ

where the p_μ are polynomials in the indeterminates Z_η of total degree ≤ 1 and where the coefficients of each p_μ are contained in k_0(Θ).—As we will only be interested in the values of the polynomials p_μ when specializing the indeterminates Z_η to values in k, we can assume that multiplication with the p_μ is associative and that the p_μ commute with the elements in S = Σ ∪ Σ.

Owing to equation (3) we know that the linear system of equations

p_σ = 1 p_σ′ = 0 for σ^′ ∈ Σ \ {σ^′} (6) has a solution over k. Thus, as all coefficients of these linear equations lie in k_0(Θ) we conclude that there is also a solution over k_0(Θ). If we substitute this solution for the indeterminates Z_η into the A_g resp. into Q we obtain an equation ∑ g∈G a^′_g · g resp. ∑ g∈G g · a^′_g resp. q^′(G)

= σ − ∑ σ∈Σ ϵ_{σσ} · σ (7)

where all ϵ_{σσ} are contained in k_0(Θ) and a^′_g ∈ ⟨Ω⟩_{k0(Θ)−vec} ∪ k_0(Θ) resp. q^′ ∈ k_0(Θ){X}. As {σ + B : σ ∈ Σ} is a k-vector space basis of A/B, and as the element on the left-hand side of equation (7) is contained in B, the ϵ_{σσ} and the α_{σσ} must coincide, and the proof is complete.^{QED}

A natural example of a k-algebra that allows for a vector space basis Ω as required in Theorem 2 is the Weyl algebra:

3 Example. Let k be of characteristic 0 and A the Weyl algebra of dimension n, i. e. the free associative k-algebra k⟨X_1, . . . , X_n, ∂_1, . . . , ∂_n⟩ modulo the relations

X_iX_j = X_j X_i, ∂_i∂_j = ∂_j ∂_i, ∂_iX_j = X_j ∂_i for i ≠ j, and ∂_iX_i = X_i∂_i + 1.

Then a vector space basis of A is given by

Ω = {X^{α1}_1 . . . X^{αn}_n ∂^{β1}_1 . . . ∂^{βn}_n : α_1, . . . , α_n, β_1, . . . , β_n ∈ N_0}

(see, e. g., [6, Section 1.1]). Further on, using the Leibnitz formula (e. g., [6, Theorem 1.1.1]) one easily verifies that for ω_1, ω_2 ∈ Ω arbitrary the inclusion ω_1ω_2 ∈ ⟨Ω⟩_{Q−vec} holds.

It comes to no surprise that the condition in Theorem 2 is also fulfilled by several families of k-algebras arising as vector spaces of linear transformations:

4 Example. Let V be an n-dimensional k-vector space and consider the corresponding general linear algebra gl(n, V ). Namely, gl(n, V ) is the Lie algebra defined by the set of linear transformations of V with the bracket operation [x, y] = xy − yx. Note that, in particular, gl(n, V ) is in general non-associative.

Fixing a base for V, the algebra gl(n, V ) may be identified with the set of all n × n matrices over k. Then the set Ω of elementary matrices

Ω := {e_{ij} | 1 ≤ i, j ≤ n}

(where e_{ij} = (δ_{ij} )_{1≤i,j≤n} is the matrix with 1 at the entry (i, j) and 0 elsewhere) is a vector space basis for gl(n, V ) satisfying the condition of Theorem 2. Just observe that for 1 ≤ i, j, k, l ≤ n we have

[e_{ij} , e_{kl}] = δ_{jk}e_{il} − δ_{li}e_{kj}.

In a similar way it is easy to check that several other classical algebras— e. g. the special linear or the symplectic algebra—are valid examples (see [2, Chapter 1] for definitions and standard bases).

3 Conclusion

The above discussion shows that the notion of minimal field of definition is well-defined for one-sided ideals and subalgebras in k-algebras where a “suitable” k-vector space basis exists. As evidenced by the examples, the requirement for being “suitable” is relatively natural and fulfilled by several important families of k-algebras. Unfortunately, the given proof does not yield an analogous result for two-sided ideals, and it remains to be clarified to what extent the concept of a minimal field of definition is meaningful for two-sided ideals in non-commutative k-algebras.

On ideal and subalgebra coefficients . . . 83

References

[1] Lothar Gerritzen: Grundbegriffe der Algebra, Vieweg, Braunschweig/Wiesbaden, 1994.

[2] James E. Humphreys: Introduction to Lie Algebras and Representation Theory, Springer, New York, 1972.

[3] Serge Lang: Introduction to Algebraic Geometry, Number 5 in Interscience Tracts in Pure and Applied Mathematics, Interscience Publishers, New York, London, 1958.

[4] Jörn Müller-Quade and Martin Rötteler: Deciding Linear Disjointness of Finitely Generated Fields, In Oliver Gloor, editor, Proceedings of the 1998 International Symposium on Symbolic and Algebraic Computation, pages 153–160. The Association for Computing Machinery, Inc. (ACM), August (1998).

[5] Lorenzo Robbiano and Moss Sweedler: Ideal and Subalgebra Coefficients, Proc. Am.

Math. Soc., 126(8), 2213–2219, (1998).

[6] Mutsumi Saito, Bernd Sturmfels and Nobuki Takayama: Gröbner Deformations of Hypergeometric Differential Equations, Algorithms and Computation in Mathematics 6. Springer, Berlin, 2000.

[7] Rainer Steinwandt: Decomposing systems of polynomial equations, In Victor G.

Ganzha, Ernst W. Mayr, and Evgenii V. Vorozhtsov, editors, Computer Algebra in Scientific Computing CASC ’99. Proceedings of the Second Workshop on Computer Algebra in Scientific Computing, Munich, May 31–June 4, 1999, pages 387–407, Berlin; Heidelberg, Springer, (1999).

[8] Rainer Steinwandt: On Ideal and Subalgebra Coefficients in Semigroup Algebras, Results in Mathematics/Resultate der Mathematik, 39, 183–187, (2001).

[9] André Weil: Foundations of Algebraic Geometry, volume 29 of Colloquium publications, American Mathematical Society, Providence, Rhode Island, 1946.