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ON v-WEAK SOLUTIONS OF ELLIPTIC EQUATIONS

E. BARLETTA, S. DRAGOMIR

Abstract. We build on the ‘alternative’ approach to the Dirichlet problem in weighted Sobolev
spaces (cf. A. Kufner & J. Rakosnik, [11]) to formulate sufficient conditions for interior
regularity of y-weak solutions of the Dirichlet problem for second order elliptic PDEs with
Lipschitz coefficients. Next, we prove a maximum principle (for 'y-weak subsolutions). Last,
we generalize (from power type weights to a larger class of weights) a trace theorem by J.
Necas, [14].

1. REVIEW OF A. KUFNER’S THEORY AND STATEMENT OF MAIN RESULTS

Let QO C R" be a domain with boundary 9 Q. Let y(x) be a weight, i.e. a Lebesgue
measurable function on (), and vy >0 a.e. on (). The weighted Sobolev space wh2(Q,v)
consists of all u € W!'(Q) so that;

1/2

[ullwia,y) = Z /QiDﬂH(X)\EY(X)dx < 00 (1)

la| <1

where W!(Q) denotes the space of all weakly differentiable functions on Q. We request
(together with [11], p. 187) that:

Y € Lip(Q), Y™ € L, (Q) (2)

Consequently C$°(Q) € W?(Q,y) and W'* (Q, y) is complete (in the norm (1)).
A large amount of literature was dedicated in the last thirty years to the study of the structure

of weighted Sobolev spaces (cf. R.A. Adams, [1], A. Avantaggiati, [2], A. Kufner, [10], M.
Troisi, [17], etc). as well as to their applications in the theory of PDEs (cf. P. Bolley & J.

Camus, [4], V. Benci & D. Fortunato, [3], B. Hanouzet, [9], A. Kufner & A.M. Sandig, [12],
A. Kufner & J. Voldrich, [13], J. Necas, [14], etc.). The present paper falls into this second
category. Let:

Lwyx) = Y (=DD¥aap(x)D u(x)) (3)

af,|8]<1]

x € Q, be a second order linear differential operator with a,g € L*(Q)), for any |x| < 1,

B < 1. Assumey € C'(Q). Let W(']’E(Q,”y) denote the closure of C{°(Q) in W* (Q, )
(with respect to the norm (1)). Let:

ug € WH(Q, )
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and:
F e [Wy*(Q,y)]*

be given. Then u € WH?(Q,y) is a y-weak solution of the Dirichlet problem for L if:

u—ug € Wy*(Q,v) (4)
ay(u, §) = F(P) (5)
forany ¢ € Wé‘z(ﬂ,y). Here a. 1s given by:
)= Y [ aapDPuD GGy 6)
o, 1811 74

A weight v € C'(Q) is said to possess the property (P;) (cf. [11], p. 188) if there is C* >0

so that;
Vy()| < CHy(x) (7)

a.e. on Q. If L s elliptic, 1.e.

Y aap®Eals > ColE| (8)
la|=|8]|=1

for some Cop >0 and any & = (&q))q|=1 € RY, and aqp are essentially bounded then there
1s C >0 so that for any weight 'y with the property (P;) and with C > C*, and for any
up € WH2(Q,v) and any F € [W[l,‘z(fl,v)]* there is a unique y-weak solution of the
Dirichlet problem (4)-(5) for L. Cf. Theor. 40.11 in [12], p. 192. The weaker ellipticity
assumption:

a(d, d) > Col|d12 20 9)

for any ¢ € Wé’z(ﬂ) 1s actually sufficient, where a(u, v) is given by (6) fory = 1. Itis our
purpose in the present paper to formulate sufficient conditions under which a given y-weak
solution u € WH?(Q,y) is regular at the interior of Q.
A weight y(x) is termed admissible if:
1) forany s = 1,... ,Nand any 2 € R with Q; 5 # (, there is a constant 1 < C(h) < 0o s0
that:
C(h)™'y(x) < v(x + hes) < Chyy(x) (10)

for any x € (), ; (except for a set of measure zero),
i) limy,_q |#| =1 (C(h) — 1) exists (< 00), and
1) for any & > 0 fixed one has:

Ch) —1
sup C(h) < o0, sup () < 00 (11)
1] <6 n<s 1A

Here e, is the s-th vector in the canonical basis of RY and Qspn =1{x € Q: x+ he; € Q}.
Besides from restricting ourselves to the case of admissible weights, we assume agy =
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0,a08 = 0,a00 = 0, 1.e. (3)1s givenby Lu = — Z|a|=|m=1 D‘:“(angﬁu). We obtain the
following:

Theorem 1. Let u € Wy*(Q,y) be a y-weak solution of the Dirichlet problem (4) - (5) for
the elliptic operator L, where ug = 0 and F € [Wé’z(ﬂ,v)]* is given by F(¢p) = fﬂ(zla|=l
faD%P — fd)dx, with fo, f € L*(Q, vy~ 1), || = 1. Ifi)y is admissible, ii) ang are Lipschitz
in Q, || = |B| = 1, and iii) f, € W2 (Q, v, |x| =1, thenu € Wi;f(ﬂ,}f) and for any
Q' cc Q there is a constant Q = Q(Q, Q' ,v) >0 so that:

IDul*ydx < Q | (Vuly + [VF*y~' + [fI*y~")dx (12)
0% 2
for any |x| = 2. Here F = (fo)|a=1
The proof of our Theorem 1 relies on the Lemmas 1 and 2 (cf our Section 3). Lemma 2 is
a straightforward version (for weighted spaces and norms) of Prop. 3.4 in [7], p. 47 (a proof
is included for the sake of completeness). The main estimate (12) 1s performed 1n Section 4.
Let us fix ug € WH2(Q,vy) and a continuous linear functional:

F € [Wy*(Q,Y)]”

Originally (cf. [10], p. 129) a function u € wWh2(Q,y) was termed weak solution of the
Dirichlet problem for L if (4) holds while (5) 1s replaced by:

a(u, d) = F(P) (13)

forany ¢ € C3°(€)). Moreover, a theorem of existence and uniqueness of such weak solutions
in W'2(Q),v) of the Dirichlet problem (4), (13) still holds (cf. Theor. 15.2 in [10], p. 144)
when:

Y(x) = s(dm(x)) (14)

where s(¢) is a continuous positive function defined for ¢ > 0 and such that either lim,_, s(z) = 0
or lim,_,g s(f) = oo and dy(x) = dist(x, M) for some real m-dimensional (0 < m < N - 1)
manifold M C 9 Q. It is noteworthy that while the classical (unweighted) solution of the
Dirichlet problem (cf. Theor. 8.3 in [8], p. 181) relies on the Lax-Milgram theorem, the
proof of Theor. 15.2 in [10] requests a generalization (cf. [15], Ch. 6, Sect. 3.1) of the
Lax-Milgram theorem (cf. also Lemma 13.6 in [10], p. 131). As pointed out in [11], the
advantage of the ‘alternative’ approach (4)-(5) to the Dirichlet problem for L in W'*(Q,y)
(based on the use of the bilinear form a. (u, v) rather than a(«, v)) comes from the fact that
J. Necas® generalized Lax-Milgram theorem is not needed anylonger (the proof of Theor.
40.11 in [12], p 192, follows from Theor. 39.5, p. 179, alone). Once a(u, v) is replaced by
a~(u,v) one may say that u € W12(Q,y) satisfies (by definition) Lu < 0(= 0, < 0) in Q if
a-(u,d) < 0 (=0, > 0) for any nonnegative ¢ € W{;’Z(Q, v). It is a natural question to ask
whether one may establish a (weak) maximum principle for L (cf. Theor. 8.1 in [8], p. 179,
for the unweighted case).

Lety € C°(Q),y>0in Q. Set:

I(xp) = {x e () \x —I{;.[z <'Y(.Xg)}
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for xo € Q. We say 7y is admissible in the sense of M. Troisi if the weight p = y'/ ? satisfies
the properties I)-II) in [17], p. 50. In particular /(xy) has the cone property for any xo € (2,
and there 1s a constant Ag > 0O so that:

Ay ' p(x0) < p(x) < Aop(xo) (15)
for any xg € 2 and any x € I(xg). We may state the following:

Theorem 2. Let N be an odd integer > 3. Let Q C RY be a bounded domain and
v .€ CHQ) N C°Q) an admissible (in the sense of M. Troisi) weight. Assume that a’ b’ ¢’
and d satisfy (51) up to (53) and aV € L®(Q). If u € WH2(Q,7y) is such that Lu > O in ()
then:
supu < supu™ (16)
0 o2
In a forthcoming paper we shall study the boundary regularity of y-weak solutions of the
Dirichlet problem (4)-(5) via a trace theorem of J. Necas (established for y(x) = dy(x)¢,
M=293Q, e >0,ctf. [14], p. 309) generalized versions of which are discussed in Section 7
(cf. Theorems 4 and 5).

The authors are grateful to the referee who’s remarks led to an improvement of Theorem
2.

2. ADMISSIBLE WEIGHTS

—f(x)), for any x € Q; ;. Letalso Q, = {x € Q : dist(x,0 Q) > |h|}. Then Q; C Qy,,
(because, for any x € Q, B(x, |h|) C Q and x + he; € 9 B (x, |h|)). Next, if Q' cC Q and
O0<d< %disr(ﬂ’ , 0 Q) then Q) # 0 for any |h| < & (indeed Q' C Q). Throughout B(x, r)
denotes the ball of center x and radius r > 0.

Let v(x) be an admissible weight on (). Then:

Let f(x) be a function on Q and 1 < s < N, h € R. Set 1,,f(x) = ‘,—]! (f(x + hey)

C(h) — 1
Al

Ts,nY| < (17)

a.e. 1n ().

Example 1. Let y(x) be given by (14) for s(r) = exp(er),t>0,e € R, (cf. [11], p
187). If € >0 then 7y is admissible. Indeed, we may take C(h) = exp(e|h|) > 1 (and then
limy—o |K|~1(C(h) — 1) = €, sup <5 C(h) = exp(eh) < 0o, sup|, <, A= (Ch) — 1) = &6~
(exp(ed) — 1) < 00).

We end Section 2 by listing some properties of the operator Ty, i.e. 1) if f € W'?
(Q,vy) then T, f € WH2(Qyu, ), 2) if supp(f) C Qp (or supp(g) C Qp) then [ fTsngdx
= — [, &Ts.n fdx, 3) T 4(fg) = f(x + he;) Ts,n g + 8(X)Ts 1f - Only 1) needs to be justified (cf.
[7], p. 46, for 2)-3)). If & € RY let T : RY — RY be given by T¢(x) = x + &. We may
perform the following estimate:

s f 117

Lz[ﬂa v} -

5.h




On 'Y-weak solutions of elliptic equations S

where:
1.5‘,!': — zlhl_Z/ V(X)IZY(I — hE?_.;)dI
Thfﬁ. {-{ '?.Fr}

Note that /; , may be estimated by using (10) in the hypothesis of admissibility. Indeed:

I < 2| T2CW|If |72,y < 0
so that T, ,f € L*(Qy,y). The estimate:

s 2, ) < V200710 + CON' 7 2If || 22,

together with the identity T, ,D¢f = D%, »f complete the proof.

3. TWO LEMMAS
We shall need the following:

Lemma 1. Ler y(x) be an admissible weight. Then for any )" CC Q there is a constant
K = K(Q, Q' v) >0 so that for any v € W'*(Q,v) and any |h| < %d.iSt(Q’, 0 Q) we have:

oV
0 X

”T.erVHLf{ﬁf,-r) < K|| ”Lﬁ(ﬂ,-ﬂ (18)

Proof. Let Q' = C x (a,b) C Q, where C C RV~! is a cube. We may assume w.l.o.g. that
s=N. Setx' =(x,...,xy—1). Then:

/ TN V()Y () dx = / Ty (X, xn) [Py (O x dxydx =
J o

CJb
b 4 2
1 An-T1
— / / - / Ei(.xf,f)df v(x', xy)dxydx’
CJa h XN 0 XN
On the other hand:
2 2
I xy+h v 1 h dV
_ ___x'fj[df = | — —Xf,f—l—.x dt S:
h / ) hfﬂ 22,1+ )
l h av 2
< - — '+ dt
<7 /ﬂ axN(x XN)

(one applies the Holder inequality at the last step). Therefore:

2

b xv+h

1 ‘ 1

f n f OV 0| v xw)diy < ~F(h)
a xN 0 XN h
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h b
F(h) = / dt /
0 a

Set hg = %disr((l’ , 0 {2). By the mean value theorem (applied to F) there 1s ¢ between O and
h so that:

where: ,

v’ xn)dxy

9V ¥+ xw)
0 XN

1 b oV ?
EF(h) = f — W E+xy)| YO xn)dxy =
a | OXN
b+£ dv R
=f 9 x| YO xy — E)dxy <
a+& | OXN
b+§ Qv 2
< C(&) —(x)| vx)dxy <
a+E& AN
b+ho v 2
<K f 9Y ol v
ﬂ—hu axN

(noting that (x’, xy — &) = x — &en one has applied (10) followed by iii) in the definition of
admussibility) where K = sup¢ <, C(&). Finally:

2

oV
T, V() |Fy(x)dx < K / — )| y(x)dx <
0 Cx(a—ho,b+hy) | O XN
oV - Qv
<K / —| vdx =K } —
210X 0XN [l 2(02,7)

So (18) is proved when ()’ is a cube. In general, it is sufficient to cover Q" with a finite
number of cubes, Q.E.D..

Lemma 2. Let v € L*(Q,y) and assume that there is K > 0 and ho > 0 so that:

| Ts.nvlliz,y < K (19)

for any |h| < hy. Then dv /dx, € L*(Q,7y) and:

Proof. Let (h;);>1 be a sequence of real numbers so that #; — 0 as j — oo. Set g; =
TenV,j = 1. Let Q' CC Q. As hj — 0 there is jo = j(Q', hy) > 1 so that |h;| <min
(ho, %d:‘sr (Q', 9 Q)) for any j > jo. So on one hand:

ov
0 X

<K (20)

L($2,7)

“TSJI;VHLE[Q;U;}') <K (21)

for any j > jo, and on the other:
Q' C th (22)
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for any j > jo. Using (21)-(22) we have:

ng ;2,2(1“2!,7} — /3:3:' Igj‘z"f'dx < /5’2 |3j‘2~}’d~x < K*
f

)

so that:
—1
(K &j )J' = Jjo

is a sequence 1n the closed unit ball:
B(0,1) C L*(Q',y)

But L?(Q)’,v) is reflexive (any Hilbert space is reflexive) so that B(0, 1) is weakly sequentially
compact. Consequently, there is a subsequence (h,,,) of (4;) so that:

g”ff' — g

as ] — oo for some g € L?(Q,y) (weak convergence). Note that:
g=10v/0x

!-.2" Q; ; [b

J—00 J—00 2!

= — |lim / Vs —p, Pdx = _f vo /0 xdx
7% ! !

j—oo

for any ¢ € C3°(€)'). Thus:
dv/dxs € L, (Q,y)

and:

AIIT[!] Ts.hV = 0 v/ 0 X;

weakly in L*(Q)’,vy). Finally:

and thus (20) holds, Q.E.D.
If a, 3,f~ have locally integrable derivatives then a 'y-weak solution u € C?(Q) is also a
classical solution of the equation 'y E|a|=|ﬁ|=l D*(an3DPu) = Z|u|=l D%f +f 1n (), where

f&fil‘ S LE(Q& ‘Y-l)*
We end Section 3 with a formal argument justifying our assumption uy = 0 in the Dirichlet

problem (4)-(5). Indeed, if w = u — ug then YZ|&|=]ﬁ|=1 D*(a,3DPw) = Z|a|=l D*F,+F

ov
0 X

< li}}‘nignf T,V || L2027 ) <

L2027 ,v)

i liE‘l ié]f ‘|T$133V||L3{Qh.-f:' E K
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where Fo, = fo — Zlﬁ|=1 Aags- DPuy-yand F = f + Zlﬁ!=l.ﬁlzl Ao g - DP uy - D¥y. All we
need to show is that F, F, € L* (Q,vy™!). Indeed:

IF

iim,ﬁr—u = / F|*y ™ dx <
J

-
.

EZ/ P+ > aap-Dug-Dy| |y dx
£ |=al=|8]=1 )

- Using (7), i.e. |D*y| < C*y a.e. in Q, we may perform the

Set M = maxq|=|8|=1 ||dag

estimate: ,

Y aap-D’ug-D*y| <2MNC*Y*y* ) Dl
a|=|8]=1 18|=1

Therefore:

<

2
”F LA(2~y—hH =

<2 [ |fPy~ldx+4MNC*)? ) [ |DPuglFydx <

0 18|=1" 4
S 2“f EE{_Q!,.},—I) + 4(MNC*)2||HUH%V"E{f2,"}’] <00

Finally, we leave it to the reader to verify that ||F,

2
H“ﬂ”wm(ﬁm < 0.

2 ) ?
LA($2,4— N < 2Hflli_3{j;_,-}r-—l}+ 4M

4. THE MAIN ESTIMATE

At this point we may prove our Theorem 1. To this end, letn1 € C;°(€2),0 <n < 1, and
|h| < § dist (supp(n), d Q) be fixed data. Set ¢ = T, _;(n*, T, 4u). Note that ¢ € W'2(Qy,,y)

(and actually ¢ € W&’E(Q,Y) because supp($) C supp(m) C ;). Then (5) may be written:
= [ (S
jal=1"4 \ |8|=1
'T:r,—h(nzT.&‘,hDHH + 2T1 ) D“Tl ) T.'r,h“)dx -

= = (f + Z Aag - ﬁﬁﬂ ' D&Y)T.s",—:’J(nET.i,hH)dx
02
a|=|8|=I

Let us use the properties 2)-3) of the operator T, ; (cf. Section 2) so that to obtain:

Z / { Z [aﬂ'ﬁ(x T hES)(’}"(X + he.ﬁ')Tﬁ,hDﬁH_}'
al=17% |8|=1
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-}-Dﬁﬂ . ’Ts._;:"]/) + Dﬁ“« 'Y - Tﬁ,ha{x,ﬁj""

_T&'Jlﬁ}}{nzrrx.fr‘oﬁ“ T 2” ' DﬂT‘l ’ Tﬁ.hu}'dr —

— (f + Z dag * Dﬁ“ ' DEV)T.E,—h(T]ETﬁ,hH)dx (23)
J 2
laj=|3|=1

Consider the tfollowing integrals:

I, = — Z 2 / n- TMIDﬁu - Aap(x 4 heg) - DN - T pu - Y(x 4 heg)dx
J 02

ja|=B1=1

p 7
==Y [t mantu [ 3 D tisdan ¥ — i | di

|a[=1 18|=1

Ir?n — Z 2/ n- Dﬂ.n TN 1 Z - TSJJG::ID’ Y — T.s',hfn dx
al=1 ¥ 18] =1

fe = / S+ Z Aafd Dﬁ“ ' DHY Tﬁ'*—h(T]ETJ.'Jr“)dx
{2

lex|=|8|=1

Is = — / n? - T, D% - aap(x + heyg) . DPu - g yydx

16 - Z : /j:gn | D&n TRl Z aﬂﬁ(x + hE.’i) . Dﬁ” ’ T.E‘erdx

ja|=1 1B]=1

With these notations the identity (23) becomes:

Z / aop(x + heg) - T5 ,D%u - 5 y,DP u-
jal=18)=1"4

6
Y(x + hey) - n* - y(x + hegdx = Y I (24)
j=1
By the ellipticity assumption:

Z / aop(x + hes) - T D™ u - T, D" u - v(x + hey) - ndx >
{2

al=|F|=1

> Co / 12y (x + hey)| T s Vil dx
J {2
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so that (24) yields:
6
Cﬂ/ T]Z(I T hfs)h.?,hvuﬁdx < Z |IJ'|
O .
j=1

It remains to estimate the integrals I;, 1 < j < 6. Set:

L = max 0ans / 0 Xslloo
omax_ |0 aap /0 x|

We obtain:

1| < ZMNf N|Ts 0 Vu|| V||t pue|y(x + hes)dx
0

L| < Nl”/ n° |, Vu|(NL|Vuly + |t F|)dx
0

] < 2N M/ V|| Ts,ne|(NLIVuly + |T5,0F|)dx

{2

(25)

(26)

(27)

(28)

Let us use 2ab < ea” + €~ 'b* € >0, to further estimate the integrals /;,j € {1,2,3}. For
instance, set a = 1|T; ,Vuly(x + he;)’ /2 and b = M|t pul VMY (x + he;)’ /2, Then (26)

furnishes:
Ul| < NE/ HZIT.T,;:VHF'V(X + hﬁs)dx‘l‘
?

M2N
| - T, pu|? VN[ y(x + hey)dx
2

Similarly, to estimate I, (respectively I3) let us choose:
a = |t,,Vuly(x + he)'/?

and:
b = (NL|Vuly + | Ts 1 F|yy(x + he,) ™'/

(respectively:
a = |Vul|ts puly(x + he)' /2

b = nN(NL|Vuly + |ts»F|)yy(x + he,) ™! /2
and € = 1). We obtain:

€

I,| < N'/?2
1| < >

f T]z]’t&;,'\?'u|2v(.x + hey)dx+
0

Nl /2
| / NA(NL|Vuly + |s1F|)*v(x + hes) ™ 'dx
12

2€

;| < NUZ/ |V1‘]|2[T51hu|2’}f(x+h€_?)dx+
17,

(29)

(30)
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+N'!/2 / N2(NL|Vuly + |t 1F|)*v(x + hes) ™ ldx (31)
{2

The integral I, is somewhat trickier. Since:

T.t;,—h(nsz,h”) =MNx — hes)Ts,—h(nTs,h“) + M- Tgplh - Tg —pN

it follows that:
| < Jy+J» (32)

where:

J1 = f ‘Ts,—h(n | T.'i,h”)‘ ’ f_|_ E dof Dﬁ“ . Dﬂ? dx
2
la|=|8|=]

Jizfrl'hs,h”“hs,-hﬂ"{f‘"

12

+ Z aa,g-Dﬂu*D”‘ﬂdx
a|=|8]=1

To estimate J; (respectively J;) choose:
a = ‘T:f,—h(n ' Ts,h”)"}"(x)l /2

b=|f+ Y  aap-DPu-D*|y(x)"/?
ol =[8]=1

(respectively:
a = M|Ts i - |Ts,—fﬂ'l|“:’(-¥)l /2

and € = 1) and use again 2ab < ea® + b?* / € so that to obtain:

€
Jl E _/ |T.'.~,—h(T"l Ts,h”|2-vdx+
2 Jn

2
1 _
+=— [ If+ ) @ap-D’u-D¥y| yldx (33)
2€ le.
a|=|8]=1
JZE —/ﬂ2|Ts,—f:ﬂ|2Yif+
2 /o
2
1
+-—f f+ Y aapD’u-D*y| y~ldx (34)
2Jal 5=
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Next we use (32)-(33) and our Lemma 1 with v = nt, ,u so that to perform the following
estimates:

€
“4[ E E ‘T,n—.fr (T]T.':Jr“) |1Yd-1+
{2

1 1
+—(1 + —) lf + Z HﬁﬁDﬁH - Dﬂ‘}’|2‘}’_]dx—!—
: ©J2 g Sp=

l Ke
+_/ ‘Ts.—hﬂﬁ’ﬂzIT.-;.szFYd’C E “ﬁ_/ ‘V(T]Tx.hu)lzvdx“i"
2 Jo 2 Jo

P

]
+(1 + E) (If)° + Z aasDPu - D¥y| Yy~ 'dx+

2 o|=|8]=1
a?
(0 2
2 Jo

where ag = sup |Vn| (for the last integral one has used n° < 1 and:

1

n N — hes) —nx)| <

‘T‘-,-*.—;:TI(X)\ =

|
— sup |VnO)||x — hes — x| < sup |Vn|
IhJ }'E I-Tvt_'hf.\']

where [x,y] = {tx+ (1 — )y : 0 <t < 1}). On the other hand (by (7)) we have:

<

Y aapD’u- D*y| < MN*C*|Vuly (35)
|o|=|B]=1

a.c. on (). Using again Lemma 1 for v = u and (35) it follows:

‘j

Ka? 4 1
1] < ( ;‘J - M°N*(C )2(1+E))/ |V u|*ydx+
§2

1 _ Ke
+1+ 2 [Py laes 5 [ vamgPyas (36
J {2 =~ {2

for some K = K(Q, supp(m),y) >0 (furnished by Lemma 1). We need to estimate the last
integral in (36). To this end, note that:

‘?(T]TSJTH)IZ — Z |Dﬂ(T1Ts,hH|2 <

la|=1

ﬂ Z (anT]HT:;,h”J T+ nlDHTs,hHDE {_.i

la|=1
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<2 ) (D*nPlrspul* + 0Dy pul?) =
|| =1
— 2(|VT]‘2|T33;1H|2 + nzlst,h”‘z)
Consequently:

V(s nu)|ydx <
0

< 2ﬂ%/ |T.¢,11H|2be+ 2/ 1’12|T.s,hvu|2”}’fix <
0 0

< 2a5K / |Vul*ydx + 2 / 2|50 V| *ydx
£2 £2

and our estimate (36) becomes:

]
] < Ke [ nPraVuPyds+ (4 ) [ Pyl
2 {2

2
ay

2

Finally, one has to estimate the integrals Is,lg. Note that Is, I have no counterpart in the
classical (unweighted) theory (cf. [7], p. 50-51)1e. Is = I = 0 fory = 1. Using (17) we
obtain:

+(ageK? + 2K + M2NY(C*)*(1 + é)/ |V u|*ydx (37)
0

C(h) — 1
i

C(h) — 1
i

To turther estimate /5 (respectively Ig) choose:

Is| < MN f 2|t 4 V|| V| ydx
12

Is| < 2MN

]ﬂ NIV pta] | Vel ydx

a = |t Vuly'/%,b = |Vuly' /2
(respectively:
a=n|Vn||Vuly'/%,b = |t wuly'/?

and € = 1). We obtain:
15| < MNA% f n°|s » Vul*ydx+

N
1
+MNA — / Vu|*ydx (38)
2€ (7,
Il < MNAK +a3) [ VuPyas (39)
9
where:
Cth) — 1
A = sup

h<h, |
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and: |
ho = 7 dist(supp(n), 3 {2)
(in (39) one has made use of Lemma 1 for v = u). Set:
B = sup C(h)

|| <hg
Then (29)-(31) yield:
' ENBE/ N[0 V| “ydx+
2

1
+M2Na§KBE ] |Vu|*ydx (40)
f2
€
1| < N'/ 235 / %0 V| ydx+
J 2

1

+N'/2B— | MP(NLIVuly + [t pF|)'y (41)
{2

;] < N'/2BKa? | |Vul*ydx+
2

+N'/?B f N2(NL|Vuly + |t 1F)*y ™' dx (42)
12

On the other hand, by Lemma 1 for the weight vy~ ! (indeed, it is easily seen (by (10)) that y
admissible yields y_; admissible, as well):

[ nNLIuty + PRy <

(2

<2 / NN’ L? | Vu|*y* + |t o F|* )Yy ldx <
2

ngv?f}/ |vu|2ydx+21</ IVF|>y~ldx
£2 02

(asn? < 1 and (a + b)?> < 2(a? + b?)) with the corresponding modification of (41)-(42).
Recollecting the information in (37)-(42) our main estimate (25) becomes:

(CUB"I — (—:C)/ nz\’rjjh‘?u\zydx <
7,

< Cy(€) f IVu|*ydx + Cy(€) f IVF|>y~ldx + Cs(€) / f12y~'dx (43)
2 (2 2

for some Ci(e)>0,i =1,2,3,(e.g. Cz3(e)=1+1/¢). Letnow Q' CC Qandn = 1 on

Q)'. Take € = ¢y where:

Co
O<eg< —
0= BC

and set:
0 — 3 Ci(eo)
i=1 C[)B_l — E(}C

Finally, we may use Lemma 2 for v = D%u so that to obtain (12), Q.E.D..
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5. A WEIGHTED ESTIMATE

Let Q C R" be a bounded domain and y € C°(Q), vy <0 in Q, a weight. Assume that
v is admissible, in the sense of M. Troisi. Then (13) in [17], p. 50, holds with p = y!'/2.
Precisely, there are two positive constants A, A, so that:

Ap) < / o(x, x0)dxo < Arp(x)" (44)
{2

for any x € (). Here (-, xg) denotes the characteristic function of /(xg). The constant A,
depends only on N, while A, depends on N and on the characteristic cone C of J(xp), where:

J(x0) = Ty 5, (1(x0))
and the transformation & = T, , (x) is defined by:
x —xo = Plxp)(& — xo) (45)

We recall (cf. [17], p. 50) that C does not depend upon xo. The aim of the present section 1s
to establish the following:

Theorem 3. Let Q C RY be a bounded domain and v € C°(Q),v >0 in Q, an admissible
(in the sense of M. Troisi) weight. Let j,m € L such that 0 < j<m. Let g,r € [1,4+].

Assume that:
1 J iy Il m\ l-—a
p N r NJ 1
ae[i—,l]
m

m—j TQ{H-;_Z_I}

(i.,e. m — j — N/ ris not a negative integer). Then:

Dby s4n/p < CID" D7 Dy (46)
forany ¢ € C3°(Q)) and any s € R. The constant C in (40) is of the form:

C = C{}(Al_lﬂz)l fFAJ;IHJM—Nip|a+1p:u—prl{lma)

where Cy is a positive constant depending only on the characteristic cone C and on m,j, r, p.

Also:
(. N) 2N
Wo=S5— 1] |
q

l—a /. N N N
lL==s J + —
a qg P p
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As to the weighted norms in (46) we adopt the following notation. We set:

ulp.o = [lp“ul|r(02)

for any 0<p < 400, € R. Also D/ stands for D? ¢ for any fixed multiindex o with
|o| = j. To prove Theorem 3, we use Theorem 9.3 in [5] so that tp get:

[ —
Lrl:.;’{ o)) H(bll,{ﬁ{,_{;[u}}} (47)

where ¢ 1s thought of as a function of & = T, ,,(x). Under the change of variable (45) the
inequality (47) becomes:

1D &y < CollD™d

p(xoY M/ PID |
< C[]p(.»’f ){I m—N [ r)— (l—a}N/’q”Dn:(b
or (becauseof —j + N/ p+am—-N/r)— (1 —a)N/q = 0):

L(i(xe)) S

| —a

1D & ||ty < CollD™

ooy | Pl ot

hence (forany v > 1,s € R):

—/ﬂ p(x0)™||D/ Il zr i) @0 <

< [ o
£2

Then (by Holder’s inequality):
/ p(x0)™|

<G (/ ‘:’“f“)“*“"‘""”*’”""‘”’””’*’““’|JD*"¢||L“{IH;.}M) |
02

J Dm

(I—a)
I{(x0)) ‘ ‘ ¢ “L‘f{fEr{:}]

f(xundxﬂ =

l—a
. (L p(-xﬂ)[s'fqu+NXI}]1'|;d)]Eq{;{xﬂ:,)dfﬂ) (48)

We shall need the Lemmas 1.1 and 1.2 in [17], p. 52. That is:

Lemma 3. Let p >0and s € R. For any function v so that (xo — p(x0)® ||[V|lraxey) € LP(Q)

we have:
[ (otrlv
P

Lemma 4. Letv > p>0and s € R. For any function v so that p*tV/"v € [P(Q) we have:

P
vacy) dvo 2 Ag AV Ly ),

L (p(xﬂ) HUHUH In))) dxﬂ < A T|UA2IU|.;:I 5—+—N_fu
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v = p in (48) and use Lemmas 3 and 4 so that to obtain:

AD_I-T“?A] |U¢E5+NXF i

|s+(1=a)j+N /g=N /p) /alap sa)~m 4.10P
< CﬁAU AZID ¢|r,3+(l—ﬂ}U+NKq—Nﬁp)/a-l-NfP'

Als—j=N/g+N /pl(1—a)p 41—a (1—a)p
A Ay d)lq,s—j—Nz’f;HNXp

which is clearly equivalent to (46). Takinga = 1,j = 0,m = 1 and r = 2 we obtain the
following:

Corollary 1. Let QO C RY be a bounded domain andy € C%Q),v>0in Q, an admissible
(in the sense of M. Troisi) weight. If N is an odd integer > 3 then:

— 4--N
Dl ag2.0/2) < CAT'AD' 94T D! o)

L2(£2,7) (49)

for any & € Cg°(Q)), where g = 2N /(N — 2) and C is a positive constant depending on N
and C.

6. A MAXIMUM PRINCIPLE

We adopt the Einstein summation convention (as to upper and lower indices). Lety €
C°(Q) N CHQ), y>0in Q, be an admissible weight and rewrite (6) as:

a0, 0) = [ {@Dju+ HuDity®) — (D + duyyb)ds (50)
12

wherea’ b', ¢! d,(i,j = 1,...,N)are measurable functions on Q. Then u € W!(Q) satisfies
Lu > 0 (by definition) if aVDju + b'u, ¢'D;u + du are locally integrable and a.,(u, ¢) < 0 for
any ¢ € Wé‘z(ﬂ,,'y), ¢ > 0. We assume (8), 1.e. in the new notations:

Y di)EE; > ColEf (51)
i<ij<N
for any x € Q, & € RY and:
N . .
Co2 ) (V'@ + @ + C5 ' |d@)| < v (52)

=1

for some v > 0. Finally, we request that:

(dyd — b'Di(yd))dx <0 (53)
0

forany ¢ € C(Q),p > 0.
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Let u € WH2(Q),7y). Then u < 0 on 9 Q (by definition) if:
ut = max{u,0} € W{;‘Z(Q,y)
Next, we set:

supu = inf{k € R: u—k <0on 9Q}
o 82

Note that (53) continues to hold for any nonnegative ¢ € Wg,’l(ﬁ, v), assuming that b and d

are bounded. Indeed, let ¢ € W[]]’I(Q,y) and {di hi>1 C C§°(Q) so that ||dx — dlwri2.4)
— Qas k — ooand ¢ > O torany k > 1. Then:

/ {[dbyy — b'Di(ydy)}dx < 0
{2

and we may perform the following estimates:

ﬂ(ddw — b'Di(yd))dx <

< <

/ {d(d — dr)y — b'Di((d — by)y)}dx
0

N N
<M [ 16— uty + 31D — o0ly + Y- 16 - dullDrylhas <

N
< Ml|d — drllwi,qy +ML > b — bi|Crydx <
=1

< M(1 + NC*)||d — brllwrio )

for some M >0 with |b'| < M, |d| < M, 1 < i < N. Note that we made use of (7) as well.
At this point we may prove Theorem 2. Let u € W'?(Q,vy) and ¢ € W{i’z (C2,v). Then

udp € Wé’l(ﬂ,*}f) and V(ud) = dVu + uVd. Indeed, as u € WH3(Q,y) it follows that
u € L _(Q) (by definition). Let p € C®(RY), p > 0, [ pdx = 1, and p = 0 outside B(0, 1),

loc
be some mollifier and:

un(x) = hN f oDty h>0, xe
{2

the regularization of u. Also, consider {d }i>1 C C§°(Q) so that ¢y — ¢ in the norm (1) as
k — 0o. Now, on one hand u¢ € Wh!(Q),y) as a consequence of:

|ud||wii2,y < N+ Dlullwizopll®llw 2,

and on the other hand:
lundbr — ud|lwri2,4) — 0 (54)
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as h — 0, k — 00, as a consequence of the following considerations:

H”hd)k = “(b”W'-'{ﬂ,'y} =

N
= [ lmnn— wdtydx-+ [ 3" |DiCusthx — ulyas
§2 £2 i=1

These integrals are estimated separately. Firstly:

/ lupdr — ud|ydx <
7

< Mkf un — ulydx + [ullwi2@,m ||k — llwx e,y (53)
I

where 0 <My = sup, |pi| and Ty = supp(dy), k > 1. We need:

Lemma 5. Ifu € L (Q,7v) then uy, — uin Lf, (Q,y), i.e. ||up — u||p2?yy = 0ash — 0,
forany Q' cc Q.

Proof. Note that:
(P < / p(@)lutx — ho)Pdz (56)
2| <1

Step 1. Forany Q' CcC Q,0<b6< —% dist(Q)', 9 Q) set:
M= M(y,Q',8) = inf{y(y) : y € Bs(Q2')}

where Bs(Q)') = {x € Q : dist(x, Q") < 8}. Then:
)M>0
ii) For any 0 < h < min(d, M) we have u, € LP({)',v) and:

"2\ ul| rgycs2ry (57)

2
[unllr2r vy < Ag
Proof. Assume M = 0. There is a sequence {y,} in B,(Q") with lim,_,.oy(y,) = 0. As
{y.} is bounded, we may extract a subsequence {y, } so thaty, — yp as n — oo, for some
yo € Bs(Q)') C Q. Thus y(yy) = 0 for some yg € (2, a contradiction.
To prove ii) in Step 1, let Q) = T_;,,(Q") C Q,|z]| < 1. As

ly+hz—y|=h|z| <h<M

.O.; C By(Q") € Bs(QQ")
it follows that y + hz € I(y) for any y € Q. Thus (by (15)):

Y + hz) < AZy(Y)



20 E. Barletta, S. Dragomir

for any y € Q. Thus (by (56)) we have the following estimates:

/ |un(x)|Py(x)dx <
2/

< / YOU[  p@lutx — ho)Pdzldx =
2! 1z| <1

— / o[ | |ulx — h2)|Py(x)dx]dz
2| <1 2!

and:

| lutx = h)Py@ds = | uG)Py( + ha)dy <

<A5 [ [u®)Py()dy < AF f u) Py ()dy

ﬂ; Bh(ﬂ’}

because QO] C B,(Q)). Indeed, if x € Q) then x = y — hz for some y € Q'. Thus dist(x, Q')
= infee o [x — & < |x — y| = h|z| < h. Finally:

|up(x)|Py(x)dx <
ﬂf

< ] p(2)[A] / u(y)|Py(y)dyldz =
1z] <1 B, (127)

=A3/ . uPydy = A (|lullr@ienqy)
Bh( ;}

and (57) is completely proved.

Step 2. Forany Q' CC Q, up, — uin LP(QQ',y)as h — 0.
Note that C°(Q) C I (Q,7vy) by (2). Indeed:

loc

/ wlPydx < sup\WI"’f Ydx < 00
(el W 0!

Let w € C°(Q). Then we may apply (57) for the function u — w € Lfﬂc(ﬂ,y), that 1s:

2
lun — willr2r,y < A5l — wll@aanqy (58)

for any w € C%(Q). Set Q" = B,(Q'). Let € >0 arbitrary. By a classical result in measure
theory (cf. e.g. [16], p. 213) there is w € C°(Q)) so that:

|lu — w||re .y < (59)

|
n
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Using (58)-(59) we have:

u — up||1r 2,4y <

< |lu = w2y + 1w =Wl v + [lwh — wrllrgr ) <

| / p
< e(1+Ay"") + |lw — willrr,m

But w;, converges uniformly to w (as w € C%(Q), cf. [8], p. 147) on any relatively
compact subset of (. Thus for any € > 0, there is &6 = d(e, Q') so that |w,(x) — w(x)| < €”

(||Y||Ll{ﬂf})_]~.- for any |h| < b, x € Q'. Then ||w — wp||p(027.4) <€, |h] <b. The proof of
Lemma S is complete.

Let us go back to the proof of (54). By (55) and Lemma S it follows that f 0 lup Py
—ud|ydx — 0. The integral:

N
| 3" Dty — ubfva
2 =

may be dealt with in a similar way (by using Dju € L*(Q,vy) and Diuy, = (Dju)y, as in
particular u € L!,]m_,(ﬂ)).
Let ¢ € Wo*(Q,7) so that ¢ > 0 and ud > 0in Q. Then Lu > 0 and (53) yield:

{a"DjuDi(y$) — ' + ¢')dyDu}dx <
{2

< [ {duyo D @emar <0
9.
Next we use (52) in the form:

(‘bflz-f' ‘CE‘Z) E C%HZ

N
—|

I

so that to perform the estimates:

| aDuDv¢x < | ¥+ - D vds <
2 2

< / b + || b || Diulydx < ZC{}v/ |V u|dydx
2 $2

Let £ = sup,  u™. The rest of the proof of (16) is by contradiction. Assume that sup, u > {.
Then there is k € R so that £ <k <supg, u. As previously established:

f a'Dju - Di(dy)dx < 2Cov f Vu|drydx (60)
2 2
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for any ¢ € Wé‘z(ﬂ,y) with ¢ > 0, pu > 0. Then:

f a'iju - D - ydx <
£2

< 2Cyv f Vu|dydx — / a’Dju - ¢ - Dyydx <
12 2

< 2Cyw | |Vu|dpydx +/ |@"||D;u||$||Dry|dx <
Q 7,

< (2Cyv + NMC*) | |Vu|dydx
{2

(where M = max<; j<n H{IHHDG)- Note that we used (7). At this point we may use:

f diDu - Dip - ydx < 2Cov + N°MC?) [ [Vuldryas 61)
2 2

for = (u — k)*. As k>0, ¢ vanishes at the points where u <0 (thus du > 0). Set
C, = 2Cyv + N*MC* > 0. Then (61) furnishes:

| @D D yaiv < © / &V blydx
N r
where ' = supp(V$) C supp(Pp). Hence (by (51)):

Co [ IVoPvar<ci [ olVolva <
12 I’

< Cillblle2ir IVl 2irpl | VOl 2.~

so that;
V|20 < Clelliry (62)

where C = C, / Cy > 0. Let us now apply the weighted inequality (49). Indeed:

| Pl Lag2,4e72) <

E B max “dﬂEb“LE(Q,T] g B‘lvd)”.{,zfﬂ,fy]

|| =1

where ¢ = 2N /(N — 2) and B = B(N, Ag, A, A,, C) is some positive constant. Set A = BC.
Then:

”d)”.{,-?(ﬂ,fﬁf?) < MI(IJ”LE(F,W} <

1 /q
< A|TP|H/ (./;* i(11’|'{?1"W2(:1{)6) S AT ™l rag,ye 2y
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sO that:
lsupp(Vd)| > A™" (63)

This inequality 1s independent of & so it must hold as % tends to sup, u. The contradiction is
attained by Lemma 7.7 in [8], p. 152.

7. ON A TRACE THEOREM BY J. NECAS

We recall the notion of domain of class C° (respectively C%'). This is best understood in
the context of domains in C*® manifolds. Let X be a real N-dimensional C*® differentiable
manifolds. Set A = {y = (y1,... ,yv—1) € R¥"1: |y;|<8,1 < i < N—1}. Consider
a domain Q C X. We say that Q € CY iff there exist m local charts (U,, @o) of X,
©0.(U,) = R", and there exist m functions a,, : A— R, 1< a<m,so that:

i) For any x € 9 Q, there is € {1,... ,m} so that:

X(x)=@&'x),... , X" (x)eA

and:

xN(x) = ﬂa(xf(x))

where @, = (x', ..., xY).
11) Each a, : A — R s continuous, | < & < m.
iii) There is 0 < 3 < 1 so that the sets Q, = B, N Q, ', = B, N 9 Q satisfy:

Qp={x€ Uy : X&) €A, a.(xX(x)) = B<xN(x) < an(¥'(x))}

and.:
[y = {x € Uy : X¥(x) € A, XN (x) = an (X' (¥)}

forany 1 < o < m, where B, are given by:
B, ={x€ U, : X (x) € A,

aa(X'(X) — B <XV (x) < a (X' (x)) + B}

Next:
Qe %!

iff QO € C? and the functions a,, in ii) are Lipschitz on A:
‘aﬂ:(y) - ﬂm(z)l < Al}’ - Zl

for some A >0 and any y, z € A.

Let QO C R" be a domain and let y(x) be given by (14) for s(t) = t,t>0, ¢ € R. If
Q is bounded and € > 0 then C*°(Q) C W'7(Q,v), by Theor. 6.3 in [10], p. 48. If
additionally Q € C%',0 < e<p —1and M = 9 Q then (by Theor. 1.2 in [14], p. 309)
W' P(Q,v) — LP(9 Q), i.e. there is a continuous linear map Z : W'P(Q),v) — L (9 Q) so
that Z(d) = ¢ 5 for any ¢ € C=(Q).
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Let us recall that L”(9 (2, y) consists of all #(x) so that:

m L/p
[l 29 = (Z/ﬂ Iua(y,aa(y))”’?a(y,aa(y))dy) <00
a=]|

where Q € C%! and u, = uo @ !. The space L7(3 Q,v) is denoted by L”(d Q, dy, w)
(cf. [10], p. 100) when y(x) = dy(x)*. If M = 9 () then dy(y, a,(y)) = 0 and the space
I[7(9 (), dy, w) makes sense only for w = 0 (and then L”(9 Q; dy»,0) = LP(9())). We
obtain;

Theorem 4. Let | <p<oco. Let Q C RN be a bounded domain andy € C Q) N (Q)
a weight possessing the property (P)). If Q € C%! and C®(Q) is dense in W'P(Q, ) then
there is a continuous linear map Z : W'"7(Q,v) — LP(d3 Q, ) so that Z(P) = $| o 2 for any
b € C(Q).

Proof. Lety € Aand 0 <n < . Let ¢ € C®°(Q). Then:

d)r:r(y, ﬂﬂ(y))‘]/ﬂ(y} ﬂﬂ(y))[ /p _

A (V)
— d)ct(Y: ac:t(y) T T])‘Y{x(y: ﬂcx(y) _ ﬂ)] /P + -/ a_(d)nyl fﬂ)(y f)df
as(y)—n

where G, = ¢ - 2!, Yo =y o @2!. Consequently:

by, 8| Yo, aa()' /P <

1
< b0y, aay) = MYa, aay) =) P + |1)| + 5“2'

where:

;o ax(y) d)r:x '/
| — (}’ I)FY(I(y f) dt
ax(¥y)—n 0t

-‘Z'hx{}") aa},
) = / Gar, Y0, 0P/ P22y,

a(Y)—n

We estimate the integrals J;, i = 1, 2, as follows (cf. Holder’s inequality):

ﬂrx[y}
0 Pa
J;|<_tr3‘f"f(/ | ¢ (y, 1)
ﬂa{y}_ﬁ af

1/ p
m(y, r)df)

where g = p /(p — 1). Next, using (7) we have:

ax(y)
| < f by, DYa, 0P PCoy oy, Dt <
ﬂrx(y}_ﬂ
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aa(y) L/p
< Bl/ac ( / |daly, r)I*”m(y,f)dr)
as(v)—p5

Using these estimates and the inequality (a + by’ < 2P~ (a” + b?), for a >0, b > 0, we obtain:

[ Doy, aaNIP Yo, aa(y)) <

< 227 N(|0a(yy aa®) = MPYa(, aa(y) — n)+

0 P
0t

p
Yoy, DHdt+

do (V)

42r=igr /|
ado(y)—p

>, 1)

C* dy(y)
+(—) [ [P, )PYaly, Ddt])
P as(y)—p3

Furthermore, we integrate with respect to nj on the interval [3 /2, 3] so that to yield:

2100012 ODP Va0, aa0)) <

Ao V)

<27 Do, DIPYaly, Ddr+
aq(v)—p3

* Ao (V)
+2ﬁ_zﬁl+f}/q[(?)}}/ [d:’ao’: r)|IJYa(}’: Hdt+

a(yv)— .'6
oY)
+ /
Au(y)—p0

p
Yoy, )dt]} <
ag(y)
< C / M)-:r()’:- I)’PYﬂ(vr t)dr+
a(y)— 03
0 Pa

aq(y)
[
ax(y)—p3 0!

where C; = 27~ 1(1 + 27~ 2p—P(C*VR'*P/4) and C, = 2%~3B1+P/4. Finally, we integrate
with respect to y on A. We also make use of the identity:

ag(¥)
[ swas= [ av [ s na
24 A ax(yv)—3

where f, = f o @, '. We obtain:

0 Pa
ot

(v, 1)

P

Yoy, Ddt

>, 1)

gL‘d)ﬂ(y‘aﬂ(y))lp‘}f&@,ﬂﬂ()’))dy <

< C ] |d)|Py(x)dx + C, f |Dnd(x)|Py(x)dx <
{2, {

X
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< Q||pVerr,

L.P(£2,)

where Q = max{C;, C,}. We now take the sum over 1 < a < m and obtain:

2mg
s

Thus C*(Q) — L[7(d Q,v) and due to the hypothesis:

1/p
|® 5 llro ey < ( ) | D |[wrrc.) (64)

C>(Q) = W'(Q,y) (65)

we obtain Z by continuous extension.
Recall that, given x € 9 Q, we say that Q € C(x) iff Q € C' and there is an open bounded

cone C, with vertex at x and such that C, N Q = @ (cf. [10], p. 29).

Remark 1. Assume that Q € C(M), i.e. for any x € M, QO € C(x) and the cones C, are
mutually congruent. Let vy be given by (14) with s(¢) = ¢, t >0, € > 0. Then (65) holds (cf.
Prop. 7.6 in [10], p. 62) and our Theorem 4 applies.

Theorem 5. Let 1 <p<oo. Let Q C RN be a bounded domain of class C*' and y(x) a
weight on (). Assume that i) (65) holds and ii) there is a constant O < C < 00 so that:

ax(y)
/ Yoy, ) /1=Pdr < C (66)
ﬂa{}’J“‘,ﬁ

foranyy € Aandany 1 < o« < m. Then W'P(Q,v) — LP(0 Q). Moreover, if additionally
Q € C(M) and y(x) is given by (14) with s(t) = t¢, t >0, 0 < € <p — 1, then the hypothesis
i) - i1) are satisfied (with a constant C > 0 depending only on €,p, 3 and A).

Proof. Lety € A,0<n < B and ¢ € C=(Q)). We wish to derive an estimate similar to (64).
The proof 1s analogous to that of Theorem 4, so that we allow ourselves to be somewhat
sketchy. Using (66) and Holder’s inequality we obtain:

‘(bﬂ(y}aﬂ(y))l < |¢'-::r()’=ﬂa(y) _T])H_

0 Pa
0!

p
Yo, )dt) /P

ay(y)

+CP=D/ 7|
ax(y)—p0

foranyy € A, 1 < a < m. Moreover, we integrate with respect to 1 from 3 /2 to 3 and use
the estimate:

0, 1)

w0)=F /2 aa(y)
/ Dy, Dldt < CO701P] By, D" Yaly, ] /7
9a0)=F au()~0

so that to yield (as B /2 < 1):

[3 P
(E) ‘d)ﬂ(yra&(y))‘pg
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aq(y)
<@cy! {{Paly, NI” ‘ad)a()’,f)

as(y)—pf a 4

p
Yoy, t)dt

Finally, let us integrate with respect to y on A and sum over 1 < &« < m. This procedure
furnishes:
3

2

and we are done. To check the second statement in Theorem 5 it suffices to show that:

115 0llreo <m/PQOP™V/P|o|lwis@.q

ao(y)
f du(@' (1) /1 Pdt < oo
ﬂm(}')—ﬁ

forany y € A, providedthat 0 < e<p — 1. Setx = @-1(y,0),y € A, as(y) —B <t <aa(y).
By Lemma 4.6 in [10], p. 25.

1aa(y) — t| < (A + Ddy i) < (A+ Ddy(x)
Setg=¢€/(1 —p). AsO0<g<1l,ifa>b>0thena™? < b79. Thus:
aa®) — 1179 > (A + D7 9ya0, 0! /1P

and we obtain:

ﬂm{}'] [31'—1.?
/ Yo, )Pt < (A + 1)1
ﬂﬂ:(y:'_.@ 1 o q

and Theorem S is completely proved.
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