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ON SPACELIKE SUBMANIFOLDS OF A PSEUDORIEMANNIAN SPACE FORM

HUAFEI SUN

Abstract. [n this paper, we first prove that the mean curvature of the pseudo-umbilical
submanifolds is constant, then generalize T. Ishiara’s result to the submanifolds are pseudo-
umbilical, last study the pseudo-umbilical submanifolds with parallel second fundamental

form.

0. INTRODUCTION

Let N, 7" (C) be an (n + p)-dimensional pseudo-Riemannian manifold of constant curvature
C, whose index is p. Let M" be an n-dimensional specelike submanifold 1sometrically
immersed in N, 7”(C). Note that the codimension is equal to the index. T. Ishihara ([1])
proved:

Theorem A. Let M" be a complete maximal specelike submanifold in N, " (C). Then either
M" is totally geodesic (C > ) or 0 < § < —npC(C < 0), where § is the square of the length
of the second fundamental form of M".

Let /1 be the second fundamental form of the immersion, & be the mean curvature vector.

< -, - > denotes the scalar product of Nj;fﬂ"(C). If there exists a function A on M" such that

<hX, N, E>=A<X, Y> (*)

for any tangent vectors X, Y on M", then M" i1s called a pseudo-umbilical submanifold of
N;;'+'“{C) (ctf. [2]). It1s clear that A > 0. If the mean curvature vector & = O identically, then

M" is called a maximal submanifold of N, 7”(C). Every maximal submanifold of N ™7(C) is

itself a pseudo-umbilical submanifold of N, " (C).
[n this paper, we first prove

Theorem 1. The mean curvature of the pseudo-umbilical submanifolds is constant.

When the submanifold is hypersurface, Theorem 1 is correct obviously. Then using
Theorem | we generalize Theorem A and prove

Theorem 2. Let M" be a complete spacelike pseudo-umbilical submanifold in Ny "7 (C). Then
. J}J[Hz—(‘— (H>—=C)y+4H2C / p] .
nH- < S < / v = /1 , where H is the mean curvature of M".

el

[t is clear that when H = 0, by means of Theorem 2 we may obtain Theorem A. Last, we
investigate the submanifolds with parallel second fundamental form and obtain

Theorem 3. Let M" be a spacelike pseudo-umbilical submanifold with parallel second
fundamental form in N"':ﬂ’((f). » > 1. Then
: . ! !

38 + 2n(c — HY)S — 2n°H*C > 0
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holds. In particular, when the equality holds, then M" is totally geodesic or n = p = 2,

M* = H* (v/—C) (C < 0) is a hyperbolic Veronese surface in H> (1 / 71—‘7) Where

HY(V-CO)={xeR ,<x.x>=x7+x5—x3=C,C<0},

_C 9 g 9 C
Hg ‘HT —{XER’},{ZI 1:7—"_.1.]_i_l.‘;_.-j_,"-.j—.l'g:“:‘;",C“{.O}.

I would like to thank prof. K. Ogiue and prof. Y. Matsuyama for their advice and
encouragement.

1. LOCAL FORMULAS

Let Ny 7?(C) be an (n + p)-dimensional pseudo-Riemannian manifold of constant curvature
C, whose index is p. Let M" be an n-dimensional Riemannian manifold isometrically 1m-

mersed in N, 7(C). As the pseudo-Riemannian metric of N, ”(C) induces the Riemannian
metric of M", the immersion is called specelike. We choose a local field of orthonormal

frames e, ..., €,4p in N;;'F”(C) such that ey, ..., e, are tangent to M". We make use of the
following convention on the ranges of indices:

AB,...=1,....n+p;i,j,...=1,....m,B3,...=n+1,...,n+p.

Let (w4) be the dua] frame ﬁeld so that the pseud::} Riemannian metric of N, 7(C) is given
2 > _ _ e
by dSN;:Jﬁ,, =3 wi—=>_ wi =5, ¢4 wj, where ¢; = 1, ¢, = —1. Then the structure

equations of N, ”(C) are given by

dwy = E EpWap N\ Wp, Wap + wps = 0,
B

l
dwap = E EcWac N\ Wep — 5 E EcEpKapcpWw e N Wp,
C CD

Kapcp = c(0acdpp — dapdsc).

Restrict these forms to M". Then

Wa = O'p Wi — E h”w }}'I — h‘”

Ji?

d(.U,' = E W; A\ Wy,

dwu = E Wik N Wi — = E RijiiWg A\ Wy,

Riji = CQOu0j — 0idjx) — Z(:’?:I i — i), (1.1
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dwn — E Wea s AWz,

l
d':-Un';i — E 'LUH’}' A u“]".-'?f o E E :R”,j,jf.U; A LU_J""

lj

rt Hj Z(h h}ri !T;:) {1‘ 2)

We call H = |&] = 1\/>" (O, h2)? the mean curvature of M", S = D ijer €
of the length of h. HY and hj},, are defined by

th‘w;‘ = dh;‘ o Z hiy wyj + Z r’ujw;” Z }'?;:;LU,;” (1.3)
3

(n; )* the square

and

O 3
Z i = dhy, + Z hiyu + Z hip ;i + Z Py i — Z i Ba
3

respectively.

hu“ o huﬂx hun mjkl T huu mikl ;IU RH'JH
i3

where h”A = h‘,“ By (1.1) we have
Rj=Cln—1d;— > [hg > hi |+ hihg. (1.4)
x k kcx
Now, let ¢ be parallel to ¢, ,, then

trH,, = nH, trH, = 0, & # n+ p. (1.5)

By a simple calculation we have ([1])

-m = (hy)’ + > hiAhg (1.6)
ijo

LY

= Z(hui« + Z I M + Z hi; by R + Z hi: hy; Rk

ik ik cx ikl ijklcy

v .03
T E h;fhkfR”"ﬂia’.'

ke 3
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2. PROOFS OF THEOREMS

By (*) and (1.5) we get > _ rrHﬂhg = nAdy, H? = A and
Wt = Hb,;. (2. 1)
Using (2.1) by (1.4) we get

Rj = C(n — 1)8; — nH*8; + » _ hiyhiy

ko
= C(n — 1)d; — nH>;; + Zi”“" W+ Y WGk
kavsEn+p (2.2)
= C(n — 1)0; — HHE:S,;; + H 0 + Z hjﬁhﬁ
keesEn-p
=(n—1)C—H)o;+ » hihy,
kasEn—+p

For each & # n 4 p, we may choose a frame field ey, ..., e, so that H, is diagonalized, say
he = Af*by, then we have ), h hii = A A7 6; > 0 dnd > ke i ;2 0. Thus, combining
(2.2) we may conclude following:

Lemma 1. Let M" be a spacelike pseudo-umbilical submanifold in Ny ¥ (C). Then the Ricci
curvature of M" satisfies

R > (n — 1)(C — H?)bj;.

Lemma 2.

H ) -~ ”
> (Y S |VHP

ik

Proof. Let f;j = £/ " — Hb;;, then S_.fi = O, fix = h'” —H, &;; and

i UL
N fre= (T — Hy)? =) (W;T) — n|VHP. (2.3)
ijk ijk [k

P __phntp ) - n—+p n—+p
From fiy = h., " — Hy, fui = h;" — Hidy and noting hi."" = h ", we get

firi = fiix + Hy — H;dy,.
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Using it we get

fofﬂ —quﬂul_Zer_l_Zﬁu_l_me (24)

ijk [ #k i7K
_Z){”,{ 2Zfﬁ_1+zf;n
i~k BN
o Z)‘HL + 22(}2,,{_ -+ HL H; b:ﬁ)h + Z i
IR
— ?Z}‘”A + 2(n — I)JVHl —4meH _]_me
Ik
. , n+2 2 4n-—1) 5 2
> ;fﬁﬁ; + 2(n — 1)|VH|" — - 1) Z,fﬁf ) IVH|" + Zﬁ:;

On the other hand, for fixed &, noting > . f;; = 0 we have

.1

Z.fﬁn = Z.f}ﬁ- + fiak = ZJ‘}%& + Zif}ﬁ; < Z]ﬁm +(n = ”Zﬁi =n Zﬁi-

£k ik ik ik ik nk

From which we get

Z f”,k {: L ani

£k

2 1 2
#Zkfm; > B Z.fﬁ;‘* (2.5)

Substituting (2.5) into (2.4) we get

2 3 2 s n+2 5
”ZLfUL :_> n— 1 ZJ’(;H + 2(” — HVH' — S Zjﬁf

and so

!

4(n — 1) ) 5 2n(n — 1) y
— VH|" ey = VH|". 2.6
n-+ 2 VHI" + Z_:f‘” n-+2 VH (2.6)
Combining (2.3) and (2.6) we obtain
e 2#1(11 — 1) , 5 3n?
J—r—f 7 L L
Y Y =N fa 4+ n|VH > 5 [VH" + n|VH| = —— VH|.

{R ik

This proves Lemma 2.

Now, we prove Theorem 1. Since M” 1s pseudo-umbilical, by (2.1) we get

N DY = (Hidy)? = n|VH| . (2.7)

ik jk
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Combining (2.7) with Lemma 2 we get

n|VH|* >

which implies that [VH|? = 0 so that H =constant. This proves Theorem 1.
By Theorem 1 we have
Y hh; = 0. (2.8)

Ik Cx

Using (1.1), (1.2) and (2.1), by a simple calculation we derive

> hShERu + Y hShirug 4+ Y hShRas (2.9)
ijklo ikl ijkee 3
=nCS — n’H*C — nH*S + Y (rHoHp) + Y N(HoHg — HpH,).

a3 a3

Substituting (2.8) and (2.9) into (1.6) we get

1
~AS = (h3y)* +n(C — H*)S — "’ H*C

27 4
{fho
+ ) (trHoHp) + ) N(HoHp — HgHa). (2.10)
{‘fﬁi ﬂ:ﬁ

Because .

2 282 1 2 l 2
;(frH&Hﬁ) > ;(rrHﬂ) > ; (Zﬁ: rrHﬂ) = -§

P

and
NH.Hg — HgH,) > 0,

by (2.10) we can obtain

| P
SAS > ) (h5)* +n(C — H)S — n’H’C + =S

g
ifkox /

1
> n(C — H*)S — n*H*C + -§°. 2.11)
P

In order to prove Theorem 2, we need the following:

Lemma 3 [2,3]). Let M be a complete Riemannian manifold with Ricci curvature bounded
from below. Let f be a C*-function which is bounded from below on M. Then for all € >0,
there exists a point x in M such that, at x

Vfl<e, Vf>—¢, fx)<inff+e.
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Put f = —— for any positive constant a. It is clear that f is a bounded function on M" and
: VS+a

when f goes to the infimum, § goes to the supremum. By the direct computation we have

, VS|?
Vf|" = Vor (2.12)
4
and
Af = ]f3£~.5+ > VS|
oo 2 4 . )
namely
3
fIAS = E\vsrfﬁ — 2fAf . (2. 13)
Substituting (2.12) into (2.13) we get
f1AS = 6|Vf|* — 2fAf. (2. 14)

According to Lemma | we know that the Ricci curvature of M" 1s bounded from below. Thus,
using Lemma 3 for any positive constant ¢,,(lim,,— ~ &, = 0), there exists x,, € M" such that

‘Vf(-xm)l < Emy ﬁ:f(-xm) = — &y f(«rm) < lnff + Em-
Combining (2.14) we obtain
AS(n)f (xim) < 6€;, + 2em(inf f + €,). (2.15)

From (2.11) and (2.15) we get at x,,

~

3¢

=M

2 g 7 l ¥
+ &, (inf f + &,) >[n(C — nH*)S(x,,) — n*H*C 55~(xm)1ﬂ(x,,,>. (2. 16)

Now, we put So = sup S = lim,,— ~ S(x,,). Therefore when m — oo, (2.16) implies

. Iy y? l 7
0 < n(C—-H)Sg —n"HC+ -5y,
P

which yields

G < H[JIHE — C + \/(H2 — C)* +4H*C/ p]
0 S .
2

Since nH?> < § <supS =S, we get

- np[H* — C + \/(H* — C)* + 4H>C / p}

H> <S
n < 5 < 5

This completes the proot of Theorem 2.
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It 1s obvious that when H = 0 1.e., M" is maximal, from Theorem 2 may obtain Theorem
A, immediately. In tact, when H = 0, from (2.17) we see

—npC + np|C|
5 :

which follows that when C > 0, § = 0, 1.e., M" 1s totally geodesic; when C<0,0 < § <
—npC. To prove Theorem 3, we need the following:

0<S<

Lemma 4 [S]. Let Hi(i > 2) be symmetric (n X n)-matrices, S; = frH?' and S = ) - S;. Then

2

, 3
NH:H; — HH) + Y (trH:H;)? < =S
%j (H;H; — H;H)) §U (rHiH) < 3

and the equality holds if and only if all H; = 0 or there exist two H; different from zero.
Moreover, if Hf # 0, H, # 0, H; = 0(i # 1,2), then S| = S, and there exists an orthogonal
(n X n)-matrix T such that

f o 0O o 5 0O
TH\T = (O —f ) . TH,ZT = (f 0 ) . where f = \/E
0 0 0 0 :

According to the assumption of Theorem 3, the second fundamental form of M" is parallel,
1.E., h;ﬁ = 0 forall i,/, k, &, so S 1s a constant. Hence from (2.10) we obtain

..’

1
0= ;A8 =n(C H*)S — n’H*C+ Y N(HoHp — HgHo) + Y (trHoHp).

¥ ,."3 X a:f

(2. 18)

When p > 0, applying Lemma 4 to (2.18) we get

0=n(C—H)S—n’H*C+» N(HoHg — HgHo) + Y (rH Hg)*  (2.19)

o a3
< n(C — H»)S — n*H*C + SSZ.
In particular, when the equality
38% +2n(C — HHS = 2n*°H*C=0 (2.20)

holds, from (2.19) we see that the following equality
5 3
) N(HoHp — HpHa) + ) (rHoHp)* = 55°
o7 /I

holds. Therefore by Lemma 4 we see that there exist two matrice H,, | # 0, H,41» # 0,
Hy, =0, ¢ # n+1,n+ 2. Moreover, we may assume that

a 0 0 0 a O p
H, | = (0 —da ) ,  Hyyr = (a 0 ) . where a = ~~6—C.
0 0 0 O



On spacelike submanifolds of a pseudoriemannian space form 223

Thus, we know that trH,, .y = trH,,.» = 0, and combining (2.1) we see that H = 0 1.e., M" 15
maximal. Theretore, (2.20) implies that when C > 0, M" 1s totally goedesic; when C < 0 and
S # 0,5 = —3C. Now, we put

So =Y (h3),

i
po| = ZS” = 3§,

p(p—1)oy = Z S.54.
o

From those we get

pr(p — Doy — o)) = Z(Sn — S3)°.
v 3

4 ' 2
Because S, = $,42 = 2a° = ——%HC we see that

p(p — 1)o7 — 02)

g l g, I 2
=p(p—1)¢ =85 — 5083 — S,
a! }lr }'J(‘,f} e l) ; 3 Z

!}h Y

7 i l 7 l 9 4

=p(p—1)|=5 — (§° — 8a”)
| p- p(p—1)

. ) E S” | (S '5‘3)

= p~(p — — 5 — — =
P _;13 p(p—1) 2

P20

S 5 = 0.

Which shows p = 2. On the other hand, using the same method as that of [9], under the
hypothesis of Theorem 3 we can prove n = 2. Here we omit it. Thus we obtainn = p = 2

and S = —3C so that M> = H* (/—C) in the hyperbolic Veronese surface H3 (1 / —%) (cf.

[1]). The completes the proof of Theorem 3.
From Theorem 3 we can obtain

Corollary. Let M" be a maximal spacelike pseudo-umbilical submanifold with parallel second
. . . —— . . g

fundamental form in N;i T(C), p> 1. Then M" is totally goedesic or S > -z nC(C<0)and
when the equality holds, n = p = 2 and M* = H* (\/—C) is a hyperbolic Veronese surface in

2 (V-5)
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