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THE VORONOVSKAYA THEOREM FOR SOME LINEAR POSITIVE OPERATORS
OF FUNCTIONS OF TWO VARIABLES

L. REMPULSKA, M. SKORUPKA

Abstract. We give the Voronovskava theorem for some operators me of the Szasz-Mirakjan
type defined for functions of two variables belonging to polynomial or exponential weighted
spaces.

Some approximation properties of these operators for functions of one variable are given
in [1]-[5].
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1. PRELIMINARIES

1. Let N: = {1,2,...}, Nyg := NU {0}, Ry := [0, +o¢) and let for a fixed p € Ny and
for all x € R{]
wolx) :== 1,  wyx):=((+x)"" ifp>1. (1)

For fixed p,, p» € Ny let
HTI.r;u J22 ("‘{n }) L= H’Tj;u (I)H"ﬁrg (\)m (-1:'- :") S RI%H {2)

where Rf“] = {(x,y) : x,y € Ry}. Denote by Cy:,, ., p1,p2 € Ny, the space of all real-valued
functions f defined on Rﬁ such that w,,, ,, (-,-) f (-, -) 1s uniformly continuous and bounded on
R: with the norm

1 D1y SUp Wy p, (x, MIfCx, )| (3)
(v ER]
Moreover let C’I”';?Mf“’ m, p1,p2 € Ny, be the class of all functions f € Cy:;, p,» which partial

derivatives of the order < m belong also to the space Cy;), ..
1.2. Let for a fixed ¢ > 0
Vy(x) i=e ", X € Ry, (4)

and, for fixed ¢, g> > 0, let

Vo .r (X, ) 1= Vg, (v, (7), (x,y) € Ry, (5)

Denote by Cy:, .. g1,¢2 >0, the exponential weighted space of all real-valued functions f
defined on Rj for which vy, 4, (-,-) f (-, ) is uniformly continuous and bounded on Rj. The
norm in %5 1s defined by

2041 2

W.Hﬁ;mﬂq; .= sup 1"{;..{;:(31}-’)[}“(-&}")|- (6)

(x,v)ER:
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Analogously as in Sec. 1.1. we define the class C%: 0 .q, With some m € Ny,

1.3. In the space Cy:p, .. p1,p2 € Np, and Cazy, 4., 41, ¢2 > 0, we introduce the following

operators Lih mn € N, i = 1,2,3, 4:

L:{;-:Ij(f]f y) _Zzﬂnu(’f)“uk(‘*)}(( / Zk)

J=0 k=0

:{r;rz;}:r(f A 1) — 7 ch,,fd(x )y, L{")T / / f'(f,,;)ﬂfﬁ:f:,

J=0 k=0

. 0,0
Ly = ——IO00
(1 4 sinh mx)(1 + sinh ny)

1 = 2k + 1
fn AV 01
N I + sinh m.x Z ? 'AU)']C( n ) i
l J +
bH.i‘
l + sinh ny Z i ( M 0) i

2] l 2k + 1
+> > bm;(-«r)bnh())f( ;—F_ il )1

H
j=0 k=0

L) [ i
(l + smh mx)(1 + “:ll'lhﬂ’b)

e
y —0

l n "
b, 1 (v)= (0, 2)dz
" 1 4 sinh mx ; ? 'A(})2 _/EHI 0, dz+

1

243

| - m m
| ;m.' ) o | \ )
| + sinhny z{‘: O (X) p) _/g,-H S, 0)dr+
j= 7

2j4 3 243

"-x:_ "-"_!lc £} ——
mn z
+ ) S: ('?m.‘j(fl’)f?n.k(_‘m‘)—‘i— [_+J /u N f(t, 2)dtdz,
j=0 k=0 JE= S5
(x,y) € Rj, where
I (nx)
Uy (X)) 1= ,
cosh nx (2k)!
[ 11X 2k+1
by k(x) i= (1x) : ke Npand n € N,

| + sinhnx 2k + 1!

and sinh x, coshx are the elementary hyperbolic functions.
{1}

(7)

(8)

(9)

(10)

(11)

(12)

It 1s easily verified that Ly, mn € N and 1 < i < 4, are linear positive operators
well-defined in every space C;:), », and Cy:, ,,. These operators are some analogues of the



The Voronovskaya theorem for some linear positive operators of functions of two variables 147

operators L{ L ,n €N, <i<4,introduced and examined for functions f of one variable in
the papers [1 — 3], 1.e.

= 2k
Ly (fux) 1= Zu,,mf( ) (13)
k=0
o WLin -
" i :
LG = Y aw [ s (14)
f=(} "
| (0) = 2k + 1
LU () = / | b s 15
) | 4+ sinhmx Z} kX ( n ) (13)
L4 (fix) o= A -+ Zb ()= / f(f)dr (16)
YT l+a1nhnr ‘ " -
forx € Ryandn € N.
{7}

Some approximation properties of Ly, 5, 1 = 1,2, for the functions f € Cy:,, ,, are given in
[1]. In particular i1s proved the following

Theorem A. Suppose that f € Cy:,, . with some py,p> € Ny. Then there exists a positive
constant My (py, p>) such that for all m,n € N, (x,y) € Rﬁ and i =1,2

N L x4+ y + |
Wy e O WL (F3x, ¥) — F, )] < My, pa) (}‘; 0\ )

where W(f:t, s) is the modulus of continuity of f.

In this paper we shall give the Voronoskaya theorem for the operators L;{ffi, [ <1 < 4,
in the spaces Cy:), », and Ca:y, 4,. In Sec. 2 we shall give some auxiliary properties of the
operators (7)-(10) and (13)-(16).

Below by M (a,b), k = 1,2,..., we shall denote the suitable positive constants depending
only on indicated parameters a, b.

2. AUXILIARY RESULTS

From (7)-(16) we deduce thatif f € Cy:;,, », orf € Cy:, 4, and f(x,y) = f1(x) f> (), then
LI (O, y) = LI (0L (H@):y), (17)

(lx,y) =1, (18)

Fit L Fl

Lit(lx) =1, L

for all x € Ry, (x,v) € RU, mn € Nand 1 <i <4,
[n the papers [1 — 3] were proved the following lemmas.
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Lemma 1. ([I],[3]) For every fixed p € Ny there exists a positive constant M2(p) such that
forallne Nand 1 <i <4

- I
sup WF(X)L;{}’} ( ;x) < M>(p). (19)
YERy 1"”;}(”

Moreover there exists a positive constant M (p) such that

. — x)? 1
(L (“ o :.x) < My(p)——, (20)
w)y (1) 1n

forallx € Ro, n € Nand 1 <i <4.

Lemma 2. ([2],[4]) For every fixed g >0 and r > g there exist a positive constant Ms(q, r)
and a natural number ng, ng > q (In{r / q))~ L such that for alln >ngand 1 < i < 4

sup w,.(x)L,{;,"} (

X H(]

;X) < Ma(q, r). (21)

Vgt

Moreover there exists a positive constant Ms(q, r) such that

,}

- [ — X)) X+ 1

v, (0Lt (( X) ;x> < Ms(q, 1)~ (22)
Vy(l) n

forallx € Ry, n >ngand 1 <1 <4, []

Lemma 3. (|1],[3]) Foreachn € N, x € Ryand 1 <1 < 4 we have

LI (1 — x3x)| < Mg(in™",

where Mg(1) < S forl < <4,

Lemma 4. ([2],[4]) For every fixed xy) € Ryand 1 <i <4

0 if
:rliﬁl ”L” (I .l’n,.lu) {l if | = 2,

lim nLY (t — xoix0) = {U f o,
Bl == X

I if X > 0,

lim HL;E"}((I — x0)"x0) = X0

i1 —= 0

Lemma 5. ([5]) For every fixed xo € Ry there exists a positive constant M+(xg) such that for
alln € Nand 1 < i <4 we have

LYY (1 — x0)*1x0) < M(xo)n 2.
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Using these lemmas and (1)-(18) we immediately obtain the following properties of the
operators L.
Lemma 6. For every fixed py,p> € Ny there exists a positive constant Mg(p,, p>) such that
forallmne Nand1 <i <4

< Mg(pi,p2)

L .p1.p2

and consequently

”Lr{aiig;'ﬂ )l

for every f € Ciip, o min € Nand 1 < i < 4. This fact and (7) — (12) show that Ly,
mn € N, | < i < 4 is a linear positive operator from the space Cy:p, , into Cyi:p,
p1,p2 € No. O

L3Py i Mﬂ(p] :pE)Hf“_l;p..pg

Lemma 7. For every fixed qy,q> >0 and r| > q,, r2 > q» there exist a positive constant M,
= My (q1, g2, 11, 12) and natural numbers mgy and n,

— 1 — 1
' s
Ho > (| (1[‘1 —I) , ny > g2 (11‘1 —%) : (23)
q1 42

such that for all m > mg, n >ng and 1 < i < 4 we have

||Lizj}n ( l " )
1 F{’f;,qj(rrr “T)

Moreover for every f € Ca:y, g m>mg, n>ngand 1 <i <4

< Mg

2.1,

ILEL i M < MG IF L2z, g0 (24)

The inequality (24) and (7) — (12) prove that L;{,ﬁ;, | <1 <4, isa linear positive operator
from the space Cy.4, 4., q1,q2 >0, into Cy:y, ,, With 1| > q), r2 > g2 provided that m > mg and
i = . ]

Lemma 8. Suppose that (xg, vo) is a fixed point in Rﬁ and @ (-, ) is a given function belonging
to some space Cy:p, ., P1,P2 € No, and ©(xo,y0) = 0. Then

lim L) (o(t,2)x0,0) =0,  i=1,234 (25)

L. H
n—r 00

Proof. Leti = 1. By (7) we have foreveryn € N

= e 2j 2k
Lir‘l;;r}((p(r'l E),I[],}’[}) — > y > y aﬂ.j("tﬂ)ﬂﬁ,f{(.}!ﬂ)q) (;1. ;) .
j=0 k=0
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Choose ¢ > 0. By the properties of ¢ there exist two positive constants & = d(¢) and M,
such that
*i: M[[} for all (f, :.) - Rfj, (26)

LL}F; ,p:(rm :)I (-p('r': ‘:)

3 :
Wp, ;h(f |([J(f )|‘{4—M fﬂl*|f—.r”‘{:6 '

where My = Mg(p,, p2) 1s positive constant given in Lemma 6. Hence we can write for every
neN

Z — yo| <9, (27)

Wp, ;h(ﬂf{} 1{})|L,; i (@(ITE);XU,FU)\ < Wy, . (X0, Yo) Z Z +

[——1{!'|“’::1""'l——1,”|{r!~_,
+ ) >t D >+ (28)
%_H][{:E“%“\].|Eﬁ |%—\'¢|IT_1*¢’\ I_‘I_Jl'-._l.ll.[]|{€.l
A
2] 2k
+ ¢ dnj n kLY —, — S 5
Z Z ap j(X0)an k(Yo) | @ (” ; >| + 85+ 83+ S,
‘_—'ln|:3’t’? ':—:‘—mlgh

By (27) and Lemma 6 we get for every n € N

8 . -
2j 2k
W;; (X0, Yo) 2 2 “u:;'(X{}){frr‘k(_ﬁ}) Wy, pa i <

j=0 k=0

{1}( . )
- H'.‘i'h .JH‘:('fj :) !

Since ‘35‘- — Xo| > b implies (—‘f‘ — ‘,[) 5% > 1, we have by (26) and (2)

51 <

<

< iy
— 4

4 8 Lpp .o

2 2k
Sﬁ’ { M][}H;:r] g7 (x{}: 1{] Z Z . j -’i"-{]'}“n }l("r'[]'} (H;u S (_1 {_:
i H
et ‘{:(‘*‘?—\[]iifg‘
™
. , — | > 2 2
Mo - 2J (5 — o)
< IR (Xo) Z dy j(Xo) | wp, - Wy, (Vo) Z an 1 (o)~ 57— ¢ <
.J'I;:{} £—1'4;|:}ﬁ ”i” ( )
it : — y

M 1 (z— yo)°
<% {w*”'{‘w"’{’”( ;;.()X“N{’”""”-‘(‘V”)L’{*I}( mﬁ({; )}

Using (19) and (20), we getforn € N

vo + 1 vo + |

= M (p1, 0>
s, IU]E)HE}E

52 < MyoMay(p )M3(p>)
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Analogously we obtain

xo + 1
0_ %
(xo + D(y+ 1)

Sy < Mlg(ﬂ] “U'j) 5 _1 for ne N.
n-o

S':_, ‘:: M ([}'] ,!.?Ih)

We observe that for given positive numbers ¢, 0, My (py,p>) with 11 < k < 13 and xy, vy € Ry
there exist natural numbers ny, ny, ny depending only on these parameters and such that

+1 &
Mi(p1,p2) 1” < — forall n=>n,
nd? 4
xo+1 € .
Mlg(;;rl,pg)m = —  forall n>n,
nd* 4
Xo + vy + 1 £
M 3(p) ,pg}( L 3{' - ) < — forall n>ns.
n-o* 4

Hence there exists natural number ny = max{n,, n», n3}, such that for all ny <n € N holds

5“:3, | < k < 4,

which by (28) yields

Wy, s (X0, 1{})\1’3” J(Q(t, 2)x0, y0)| < € forall n> ny.

This proves that
lim H«‘Ph”:(}.'[ 1)L” i ( ©(t,2):x0,vo) = 0

Pl

and further by (2)
11!11 L,,{, ]” ((1, 2)x0,y0) = 0.

Thus the proof of (25) for i = 1 1s completed. The proof of (25) fori = 2, 3,4 1s analogous.
[

Similarly we can prove the following

Lemma 9. Suppose that (xy, yo) is a fixed point in R; and @(-, ) is a given function belonging
to some space Couy, o 41,42 >0, and ©(xy, yo) = {l Then ﬁ’h‘? statement (25) holds.

3. THE VORONOVSKAYA THEOREM

Now using the above lemmas and denoting by f! = ::’i S f} “7, we shall prove the main
theorems.

III

Theorem 1. Assume that | € C-
have

. . 3
p1 s with some py, p» € No. Then for every (x,y) € R we

llm n {LJ{, ;g (fx,v) — f(x, _‘r)} = (29)
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B gf;_(,x,;;) 1 gf_;';_(x,y) if i= 1,3,
[0 + 1000 + 5060 + 53y if i=2,
lim n{L13) (Fx,y) — fOr, )} = (29)
B 0 if x=y=0,
L AG HAE oy + 3Gy i X+ y7 >0,
- we have

Proof. Let (xg, vo) be a fixed point 1n Rﬁ. Then by the Taylor formula for f € C; D1
for (t,2) € R}

f(t,2) = f(x0,y0) + fi(x0, Yot — xo) + f; (X0, Yo)(z — Yo)+

o | : : ,
5 {fee(x0, ¥0)(t — x0)” + 2, (x0, Yo)(t — X0)(z — Yo) + f1y (X0, Yo)(& — yo) }+

+(t, 220, Yo) / (t — X0)* + (2 — yo)*,
where (-, -ixg,y0) € Ci:p, p, and limi— (1, Z:x0, yo) = 0. From this and by (18) and (17)
I

we getforeveryn € Nand 1 <i <4

LVT(F(t, 2)ix0, o) = f1 (X0, Yo) + 1 (xo, }"U)Lf} (t — x0,X0)+ (30)

-hf.'.'(xm}-’{:-)i,{f}(ﬁ — YosYo) + 5 {f oo, YOOLY (1 — x0)*300)+

+2f 0 (X0, YOILA T (1 = x030) L (2 = yoiy0) + [y (¥0, YLy ((z = yo)*sy0) }+

+LYT E;In,}"u)\/(f — xo0)* + (2 — yo)*:xo0, ¥o)-

M.

Using the Holder inequality, we get forn € N

ILY (1, 230, Vo) \/Ef — xo)* + (2 — yo)xo, yo)| <. (31)

n.n

< LI P21, zix0, Yo)ixo, yo) Y ALY (1 — ) + (2 — vo)rixo, yo) b2 if i= 1,2,

fi. n .

LI (b1, 220, o)V (E — x0)* + (2 — yo)*ixo, Yo)| < (32)
< 4{L{f}(1|12(f3E,Im}"{J),Iﬂ,}‘u)}%{L,{,i};((f —x)" +(z - }’u)da«fu,}’u)}% it =34

L

But by the linearity of LH and by (17), (18) and lemma 5 we see that there exists a positive

constant M4(xp, yo) such that foralln € Nand 1 <i < 4 holds

LAt — x0)* + (2 — y0)*:x0, y0) = (33)

i.n

= L,{,f}((f — xp)"1x0) + L,{;f}((z — yo)'vo) < Mia(xo, yo)r .
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Moreover, by the properties of (-, -1xg, vo) we apply Lemma 8 for @(z, z) = 1 (¢, z, xo, Vo).
Hence, |
lim LY D*(t, zix0, yo)ixo, yo) =0, 1 <i<4 (34)

n— O T

Using (33) and (34) to (31) and (32) we get

lim ”Lif:];(lb(f} %0, Yo) v/ (t — x0)* + (2 — Yo)*3x0, vo) = O (35)

=0

fori = 1,2,3,4. Next, using (35) and Lemma 3 and Lemma 4 to (30), we obtain

== 2

. : : Xy v Yo oo . )
lim n{LI(F(t, 2)ix0, vo) — f(X0,Y0)} = E_}}_r(-xu?}‘u) +- 3.]‘_1-)-(-103}’[1) for i=1,3

and _
lin;lﬂ n{ LY (£(t,2):x0, Yo) — f(x0, o)} =

fl—=

, : Xg o Yo .o :
.f:(-?’fm_’i‘n) +,f_:(«’f{h.‘fn) T 5.}‘_1-_1-(1{1*.‘*'“) T Ef x-_r(«'fl:h.‘*‘n) for =724

Analogously, using (35) and Lemmas 3 and 4 to (30), we obtain (29"). Since (xy, yo) is
arbitrary fixed point we see that the proof of (29) and (297) 1s completed. i

Arguing as in the proof of Theorem 1 and using Lemmas 3-5 and Lemma 9, we can prove
the following

Theorem 2. Suppose that f € C%;m s with some qy,q> > 0. Then the statements (29) and

(29") hold for every (x,y) € RE, and 1 <i <4,
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