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Abstract.

In this paper, we are interested in solvable complete Lie algebras, over the field K = R
or C, which admit a symplectic structure. Specifically, important classes are studied, and a
description of complete Lie Algebra with the dimension of nilradical less or equal than six,
which supported symplectic structure is given.
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Introduction

A finite dimensional Lie algebra g is called a complete Lie algebra if its
center C'(g) is trivial and all of its derivations are inner, i.e. Der(g) = ad(g).
This definition of complete Lie algebra was given by N. Jacobson in 1962 [7].
It is well known that semisimple Lie algebras, Borel subalgebras and parabolic
subalgebras of semisimple Lie algebras are complete Lie algebras. A general
theory on complete Lie algebras has been developed by D. J. Meng and S. P.
Wang in a series of papers [9],[10],[12],[11] and [14].

A symplectic Lie algebra (g,w) is a Lie algebra with a skew-symmetric non-
degenerate bilinear form w such that for any x,y, z € g,

dw(z,y,2) = w([z, 4, 2) + w(ly, 2], 2) + w([z, 2], ) = 0, (1)

this is to say, w is a non-degenerate 2-cocycle for the scalar cohomology of g.
We call w a symplectic form of g. Note that in such case, g must be of even
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dimension. A fundamental example of symplectic Lie algebras are the Frobe-
nius Lie algebras, i.e. Lie algebras admitting a non-degenerate exact 2-form. To
our knowledge, the classification of symplectic Lie algebras, up to sympectomor-
phism, only exist for dimensions less than four [I5] and six-dimensional nilpotent
symplectic Lie algebras (see [§] and [5] for a more recent list). A classication of a
large subfamily of six-dimensional non-nilpotent solvable Lie algebras has been
made by Stursberg [3]. Some other special higher dimensional cases can be found,
for example symplectic filiform Lie algebras up to dimension ten [6] and for the
non-solvable case [I].

The study of symplectic Lie algebras is an active area of research. The char-
acterization problem of symplectic Lie algebras is still an open problem, even
though there are many interesting results on obstructions on a Lie algebra to
support a symplectic structure. Let us recall the following well-known results

[4].

(1) A semisimple Lie algebra (in particular if [g, g] = g) does not admit sym-
plectic structures.

(2) The direct sum of semisimple and solvable Lie algebras cannot be sym-
plectic.

(3) Unimodular symplectic Lie algebras are solvable.
(4) All symplectic Lie algebras of dimension four are solvable.

In the present paper, we examine symplectic structures within the framework
of complete Lie algebras.

The paper is organized as follows: In Section 2, we recapitulate specific find-
ings concerning solvable complete Lie algebras extensively documented in ex-
isting literature. In Section 3, due to the complexity inherent in investigating
solvable complete symplectic Lie algebras in their entirety, we opt to focus on
a subclass characterized by maximal rank. Initially, our examination centers on
the symplectic properties of complete solvable Lie algebras with commutative
nilradicals. Subsequently, we delve into the study of complete solvable Lie alge-
bras with filiform nilradicals. Finally, In Section 4, we determine the symplectic
structure for complete Lie algebra, if present, for various nilradicals less or equal
than six.

Notations: For {e;}1<i<n a basis of g, we denote by {e'}1<;< the dual basis
on g* and e’ the 2-form e’ A e/ € A%g*. Set by (F) := spang{F} the Lie
subalgebra generated by the family F'.
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1 Solvable complete Lie algebras

In this section we resume certain results about complete Lie algebras widely
documented in the literature.

Let n be a nilpotent Lie algebra and h an abelian subalgebra of Der(n). If
all elements of b are semisimple linear transformations of n, then b is called a
torus on n. Suppose b is a torus on n, clearly n is decomposed into a direct sum
of root spaces for b:

n = Dpepng,

where h* is the dual space of the vector space h and ng = {z € n: ha =
B(h)z,h € b}.

Let h be a maximal torus on n. One calls h-msg a minimal system of gener-
ators which consists of root vectors for §.

Lemma 1. [I7] Let b be a maximal torus on n, {z1,...,x,} an h-msg and
{B1, .., Bn} the corresponding roots, then {31, ...,3,} is a basis for the vector
space h*.

Lemma 2. [I7] Let n be a nilpotent Lie algebra and h; , hy two maximal
tori on n. Then

dim h; = dim by < dim(n/[n, n}).

As all maximal tori on n are mutually conjugated, so the dimension of
amaximal torus on n is an invariant of n called the rank of n (denoted by
rank(n)). A nilpotent Lie algebra is called maximal rank nilpotent Lie alge-
bra if rank(n) = dim(n/[n, n]). If b is a maximal torus on a nilpotent Lie algebra
n, define the bracket in h @ n , by [h1 +n1, he + na] = hi(na) — ha(n1) + [n1, nal,
where h; € h, n; € n, i = 1,2, then (h @ n,[.,.]) is a solvable Lie algebra which
will be denoted by b x n.

Theorem 1. [13] If g is a complete solvable Lie algebra, then it decomposes
as h x n, where n is the nilradical and b is a subalgebra isomorphic to a maximal
torus of n. Moreover, b is a Cartan subalgebra of g.

Theorem 2. [I3] Let n be nilpotent Lie algebra of maximal rank and h be
a maximal torus on n. Then

g=bhxn

is complete Lie algebra.

Theorem 3. [I3] Let g; = bh; x n;, i = 1,2 be two solvable complete Lie
algebras with nilpotent radical n;,s = 1,2. Then g; is isomorphic to g if and
only if n; is isomorphic to ny.
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Remark 1. Recall that a symplectic Lie algebra is reducible if it has an
isotropic ideal [2], in the contrary case the symplectic Lie algebra is called irre-
ducible. In the following proposition we show that any complete symplectic Lie
algebra is reducible.

Proposition 1. Let g a complete symplectic Lie algebra. Then g is re-
ducible.

Proof. If g is a irreducible symplectic Lie algebra it can be written as: g = h x a.
Using [2, Theorem 3.16] and its proof, g has a basis B = {f1,- - , fon, €1,€3, -+,
el’,eh'} such that:

h=<fi, ,fon> and a=<eled>@ --®<el el > m>2h,

with:

[firel] = —Mi(fi)es, and  [fi,e5] = Me(fi)el, M € h".

In fact, if g is irreducible then g admits an exterior derivation. Consider the
derivation d, defined as follow:

Suppose that d is interior, then there exists zy such that: d = ady,, with

2h m m
L SETNS ST Y
=1 k=1 k=1

- 2h o :
So, de} = ady,ej, then e} = [zg,e}], i.e e] = > - —A1(f;)es, which is impossi-

ble.

QED

2 Some solvable complete symplectic Lie algebras of
maximal rank

As the general study of the solvable complete symplectic Lie algebras is
difficult, we choose to study a class of those Lie algebras, which are of maximal
rank. We choose first to study the symplectic structure of the complete solvable
Lie algebra with commutative nilradical, secondly we studied complete solvable
Lie algebra with filiform nilradical.
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2.1 Complete solvable Lie algebra with commutative nilradical

In what follows, we study the case where the Lie algebra n is commu-

tative. Let n = K" we have Der(n) = End(K™), so the maximal torus is
h = (Ei1,...,Eny) then K" is maximal rank and g = h ¢ K" is complete
Lie algebra with commutative nilradical K. Let {ey,...,e,} be a basis of K",
and e,y; = F;;, the brackets of the Lie algebra g = h x K" are given by
[en_H', 62'] = €4, 1 S ) S n. (2)
Proposition 2. Any symplectic form over g = § x K™ is symplectomorphe
to
n . .
wo = Z ez’n—H + Z, (3)
i=1

with Z € A%2h* an arbitrary 2-form in h. Moreover wy is an exact 2-form if and
only if Z = 0.

Proof. An arbitrary 2-form in g has the expression
W= Z ai,jeiJ + 7+ Z ai,n+j€i7n+j7
1<i<j<n 1<i,j<n
with Z € A%h*. On one side dw(en4,€i,e;) = 0 implies that a;; = 0, and on
the other hand dw(epns, €;, €nt5) = 0 implies that a; 45 = 0 for ¢ # j, the other

conditions of 2-cocycle are trivially verified. Then any 2-cocycle in g is of the
form

n
w= Z Qi€+ 7.
i=1
Let us now show that w is non-degenerate if and only if a;,4; # 0 for all
1 <17 < n, indeed we have

n
n __ i,n+1 n+i,n+j\n
wh = (E i n4i€ + g Aptinj€ 7)
=1 1<j

n
= (3 ainie ™"
1=1

= (a1 p41--- amgn)el A Nem.

Now consider the Lie algebra automorphisms T given by T'(e;) = i

T(enti) = €nti, for 1 < i < n. We have T*(w) = wp. QED
From Proposition [2] we get the following.

Corollary 1. Symplectic complete Lie algebra h x K™ has K" as a La-
grangian ideal.
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2.2 Complete solvable Lie algebra with filiform nilradical

Filiform Lie algebra of rank 2: We have only two types of filiform Lie
algebras of rank 2: L,, and Q.
Case L,: Let L, be the n-dimensional Lie algebra defined by

le1, €] = eit1, i=2,...,n—1,

where B = {ej,...,e,} is a basis of L,,. The maximal torus of L,, is spanned by
hl and hg with

hl(el) = €1, hl(ei) = (i — 2)61‘, 2 S ) § n.
hg(el) = 0, hQ(ei) = €4, 2 S 7 S n.

Then L,, is maximal rank and any complete solvable Lie algebra with nilradical
Ly, up to isomorphism, is g = h ® L,, with

le1, ei] = eit1, 2<i<n-—1,

[en+17 61] = €1, [€n+17 ei] = (7’ - 2)ei7 2 S S

[en+27ei] = €4, 2§Z§TL
where L,, = {e1,--+ ,e,) and h = (ep41, €nt2)-

Proposition 3. A complete solvable Lie algebra with nilradical the filiform
Lie algebra L, is symplectic if and only if n = 4.

Proof. An arbitrary 2-form of g can be written as

_ ] i,n+1 i,n+2 n+1,n+2
wn= Y g€+ Y i€+ D aini2€" T 4 ani1nae :
1<i<j<n 1<i<n 1<i<n

The condition 2-cocycle implies

dwn(e1,en+1,en+2) —wn(e1, ent2),
dwn(e1, ), enta) = Wnl(€jr1;nt2) — wnlej, er) 2<j<n-—1,
n(61a€1a6n+1) = wn(ej+176n+1) —wn((j — 2)61761) +w7z(€17‘3]) 2<j<n-—1,
dwn (€, ent1,ent2) = (2 — i)wn(ei; ent2) + wnlei, eny1) 2<i<n,

dwn (€, ent1,€5) = 2(2 — D)wn(e;, €5) 2<i#j<n-1,

dwn(e €nt2,€5) = 2wn(ei,ej) 2<i#j<n-—1,
dwp (€n, €nt2,€5) = 2wn(€j, €n) 2<j<n—1,

dwn(e enaen-i-l) (el7en)
n(e,,en+1,e7,):( fn)wn(el,en) 2<i<n-—1,

L dwn(e1, €5, €5) = wnleitr,e5) — wnl(ejri, e) 2<i#j<n-1

This system is equivalent to
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A1 n+2 = 07

Aj41n+2 = 1,5 2<j<n-—1,
Gjyins1 = (—Lar; 2<j<n—-1,
i1 = (1 —2)ainy2 2<1 <,

a;; =0 2<i#j<n-1,
ajn =0 2<i#£j<n-1,
i =0 1<i<n-—1,

Qit1j = Qi1 2<i#j<n-1

The other conditions of 2-cocycle are trivially verified. Then any 2-cocycle
for the scalar cohomology of g = h & L,, has the following expression

n—2 n—2

1,241 - 1+2,n+1 i+2,n+2 1,n+1 2,n+2 n+1,n+2

Wn = E aii+1€’ T — E a1,i4+1 (e’ +e )+a1,nt1€ +az ny2e™ +an41,nt2€e ’ s
i=1 i=1

0 —a1,2 —Q1,n-1 0 a1,n+1 0
ai,2 0 s 0 0 0 a2, n+2
a1,3 0 0 0 ai,2 a1,2
a1, 0 0 0 2a1,3 ai,s

M (wn,B) = : :
a1,n—1 0 e 0 0 (n—3)ain—2 ain—2
0 0 e 0 0 (n —2)ai,n-1 a1,n—1
—a1nt1 0 o —(n=3a1n-2 —(n—2)a1,n-1 0 Gnt1,n+2
0 —a2,n+2 —ai,2 tee —a1,n—1 —Qn+1,n+2 0

After a calculation of the determinant, we find for n = 4 det(M (w4, B)) =
ai?) (ai2 - 2a173a276)2, and for n > 4, det(M (wy,B)) = 0.

QED

Case Qp: Let Q,, with n = 2k + 1 be the n + 1-dimensional Lie algebra
defined by

[0, €i] = €it1, 1<i<n-—1,
[ei?en*i] = (_1)ien7 1<i <k,
where {eg,e1...,e,} is a basis of Q,,. The maximal torus of Q,, is spanned

by hq and hg with

hi(eo) =eo, hi(en) = (n—2)e, hi(e;) = (i —1)e;, 1 <i<n—1.
hg(eo) = 0, hg(en) = 2€n, hg(ei) = €4, 1 < 1 <n-— 1.
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Then Q,, is maximal rank and any complete solvable Lie algebra with nilradical
@, up to isomorphism, is g = h & Q,, with

[eo, €i] = €it1, 1<i<n—1,

leis en—i] = (—1)i€na 1<i<k,
[ent1,€0] = €0, [en+1,€i] = (i —1)e;, [ent1,en] =(n—2)en, 1<i<n-—1,
[ent2,€i] = €iy  [ent2,€n] = 2en, 1<i<n-1.
where Q,, = (eo, - ,e,) and b = (en11,€n42), note that dim(g) = n+ 3 =
2(k+2).

Proposition 4. A complete solvable Lie algebra with nilradical the filiform
Lie algebra Q,, is symplectic. Morever an exat 2-form is given by w, = de®+de".

Proof. Tt suffices to show that the exact 2-form w, is non-degenerate. Let the ba-
sis {€'}o<i<ni2 be the dual basis of {e;}o<i<n+2. By the Maurer-Cartan equation
we have:

k
de® = "1 and  de” = Z(—l)ie"ﬂ"i 4+ 104 (n— 2)6"’"+1 + 2™ 2,
i=1

Let A, be the 2-form in (A?g)* given by
An — 60,n+1 + 6n—l,O + (n o 2)6n,n+1 + 2€n,n+2

we have, A2 = %" A (—4enThn+2 4 2(n — 1)en~1nHL 4 4en=1n+2) and Af =0
for i > 2.
Let B, be the 2-form in (A%g)* given by

k
B, = Z(_l)ien—i,i’
i=1

we have, B¥ =e! A... Ae" ! and BF! = BE+2 = 0.
Then w, can be written as w, = A, + B,, and it follows that
wﬁH (A, + Bn)k+2
=A% A\ Bk

=4e" Nel AL A2,

which proves that w, is non-degenerate. QED
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3 Symplectic Complete Solvable Lie Algebra with nil-
radical <6

In this section we calculate the symplectic structure if it exists for the differ-
ent nilradicals < 6 given by the tables in [16]. We begin with an example, then
we give the tables emphasizing the nilradical, the brackets of the nilradical with
the torus, the symplectic structure if it exists and finally the maximality of the
rank.

We will give the proof of the case n = n4 1, since all cases should be handled
in a similar way.

Let n=mn41 =< ey, ez, e3,e4 >, we have: [eg, e4] = ey, [e3, e4] = €.

Firstly, we must calculate the derivations Der(n). The basis { Dy, ..., D7} is given
by:

Di(e1) = e1,Di(e3) = —e3, Di(eq) = ey,
Da(ea) = e2,Da(e3) = 263,D2(€4) = —eq,
Dg(@g) = e, D3(63) = €9
D4(€3) = 61,D5(€4) = €1

(64) = €Q,D7(€4) = 63.

We set h =< e5, eg > such that: e5 = D and eg = Do.

Now, we calculate the Lie brackets of g = h x n, which are:
[e2,e4] = e1,[es,e4] = ea,[e5,e1] = e1,[es,e3] = —es,[es5,eq] = eq,[es, 2] =
€9, [66, 63} = 263, [66, 64] = —é4.

An arbitrary 2—form of g can be written as:

W= E a; je.

1<i<j<6
The condition of 2-cocycle gives:
a2 =0, ayz =0, aig =0,
are =0, az3 =0, ags =0,
ais = —a4, a6 = —a34,
age = —2a35, a46 = —04,5-
Hence: w = —ag 4(eh® — e?4) — a3 4(e?® — e31) —ay (et — e0) + a3 5(e3 —

2¢30) 4 a5 6.

In the following, the first column identifies the nilradical, the second column
provides the brackets of the torus and nilradical, the third column specifies the
symplectic structure if it exists, and finally, in the forth column we verify whether
if the brackets are of maximal rank or not.



76

M. BENYOUSSEF, M.W. MANSOURI, SM. SBAI

3.1 Nilradical of dimension 3

We summarize the calculation of the dimension 3 in this table:

Nilradical | Brackets of h x n Symplectic Maximal
structure rank
n3 1 le1, ea] = e3, eq, €1] = €1, [eq, e2] = €2, | Dimension not even Yes
le5, e2] = ez, [e5, €3] = e3

3.2 Nilradical of dimension 4

We summarize the calculation of the dimension 4 in this table:

Nilradical | Brackets of h x n Symplectic Maximal
structure rank
Ny 1 [e2,e4] = €1, [e3,€4] = €2 a274(61’5 —e?%) +az4(e? — e3) Yes
[es, e1] = eq, [e5, e3] = —es, —ag (€5 —2e30) + ay 6(etd — et0)
€5, €4] = €4, [eg, €2] = €2, —as,6e™0
[es, €3] = 2es, [es, e4] = —eq. | Conditions : ag 4 # 0,2a3 5024 # a%A

3.3 Nilradical of dimension 5

We summarize the calculation of the dimension 5 in this table:

Nilradical | Brackets of h x n Symplectic Maximal
structure rank
N1 les, e5] = e, [eq, e5] = €2, a3,5(61’6 - 63’5) + (14,5(62’7 - 64’5) Yes
[es, e1] = e1, [es, e4] = —eu, —a3,8e>% + ay8(e4,6 — 4,7 — e4,8)
[es, e5] = es, [e7, ea] = ea, +as5(e>® — €58) — ag 757 — ag ge®®
[67, 64} = €4, [68, 63} = e3, —CL7’8€7’8
[es, e4] = ey, [es, €5] = —e5 Conditions : ag5 # 0,a35 # 0,
a3 5048 79 3,804, 5
n52 ea,e5] = ey, [es, e5] = ea, Dimension not even Yes
eq,e5] = e3, [es,e1] = €1

[e2; e5]
[ea, e5]
[66, 63} = —3637 [66, 64} = —264
[e6, €5]
[e7, €3]
le7, es]
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N53 | [e3,e4] = €2, [e3,€5] = €1, Dimension not even Yes
les, e5] = e3,[es,e1] = €1
[66,63] = %63, [66,64] = —%64
[66,65] = §65, [67, 62] = €2
[67,63] = 563, [67,64] = %64
[67,65] = —%65
M54 | [e2,e4] =e1,]e3,65] = €1 ags(el® —e?t —e3%) — ag gt No
les, e1] = e1, [es, e4] = €4 —az7e>" + ayg(et® — ehB)+
[es, e5] = es, [e7, e3] = e3, +as7(e50 — e57) — ag 7e57 — ag €58
[67, 65] = —€s, [68, 62] = €9, 7&77867’8
les, e4] = —ey, Conditions : arg # 0,a35 # 0
N55 | [e2,e5] = €1, [e3, eq] = €1, Dimension not even No
les, es] = ez, [es,e1] = €1
[66763] = —és, [667 64] = 2647
[66»65] = €5, [67, 62} = €2,
[67, 63] = 263, [67, 64] = —264
[e7,e5] = —es
N6 | [e2,e5] = e, [es, ed] = eq, —ags(—eb + 25 + 37 No
[es3,e5] = €2, [e4, 5] = €3 +age(—e?0 + 3e39)
les, e1] = €1, [e6, 2] = %.e2, +ag,6(—e3® + SetP)
les, e3] = %633 le6, €4] = %647 *04,664’6 - a5,6€5’6
[es, e5] = =es Conditions : az 4 # 0

3.4 Nilradical of dimension 6

We summarize the calculation of the dimension 6 in this table:

Nilradical | Brackets of h x n Symplectic Maximal
structure rank
ng 1 [e1, ea] = es, [e1,e3] = eq, | Dimension not even Yes
le1, e5] = es, [e7, e1] = e1,
[67, 63] = €3, [67, 64] = 264,
le7, e6] = e, [es, e2] = ea,
[es, e3] = e3, [es, ea] = e,
leg, e5] = es, [eg, €6] = eg,
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ngo | le1,e2] = e3, [e1, €3] = ey, Never admits a symplectic Yes
[e1,e4] = e5,[e1,e5] = e structure
le7,e1] = e1, [e7, e3] = e,
[e7, ea] = 2ey4, [e7, e5] = 3es,
[67, 66] = 466, [68, 62] = €29,
[es, €3] = e3, [es, ea] = eq,
es, e5] = es, [es, e6] = €6
ne3 | [e1,ea] = e, [e1, €3] = eq, Dimension not even Yes
le2,e3] = es5,[er,e1] = ex,
le7, eq] = eq, [e7, e6] = es,
es, e2] = €2, [es, e5] = es,
[es, e6] = €6, [e9, €3] = €3,
leg, e4] = ey, [eg, e5] = es,
ng 4 | le1,e2] = es5, [e1, e3] = eg, Dimension not even No
[627 64] = €6, [673 61] = €1,
[677 64] = €4, [67, 65] = €5,
le7, e6] = e, [es, e2] = €2,
les, e4] = —ey, [es, 5] = es,
leg, e3] = e3, [eg, e4] = ey,
[69, 66] = €
nes5 | le1,e3] = es, [e1, ea] = eg, agg(aet? + ae?* — ae>" — ae®? Yes
[e2,e3] = a * eq, [e2,e4] = €5 —e58 — aeb19) + ag g(eht + ae?3
[e7,e1] = e, [er, ea] = ea, —e»8 — qeP 10 — €67 — e68) — gy g(elT + 28)
[e7, es5] = es, [er, e6] = g, —a18(er® + ae®T) — aq10(e>? + aet10)
[es,e1] = %.62, [es, ea] = €1, —ago(e*? + ae®10) — ayge™® — a7 ge™?
les, e5] = e, [es, €6] = 565, *117,1067’10 - 08,968’9 - Cl8,1068’10 - CL9,10€9’10
[eo, €3] = €3, [e9, ea] = €4,
[eg, e5] = es, [eg, €] = eg, Conditions : a # 0, a3 g # a3 o,
le10, €3] = aeq, [e10, e4] = €3 aazg + aagg # ar10 + ag, 10
le10, e5] = aes, [e10, €] = €5
6.6 [61, 62] = €g, [61, 63] = €4, a677(%.€1’2 — 66’7) + (1478(61’3 No
[e1,eq] = e5,[e2,e3] = e5 —etT —eh8) +as g(elt + 23
[er,e1] = ex, [e7, ea] = 2eq —2e57 — 58) —ay 7el7 — ag 7e27
[67, 64] = €4, [67, 65] = 265 —a3,863’8 — a778€7’8
[e7, es] = 3es, [es, €3] = €3 Conditions : ag7 # 0,a55 # 0
es, ea] = eu, [es, 5] = €5
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g7 [e1, e3] = ey, [e1, €4] = €5, Dimension not even Yes
e, €3] = es, [e7,e1] = ex
[e7, e4] = eq, [e7, €5] = 2e5
[68, 62] = €9, [68, 66] = €
[697 63] = e3, [69, 64] = €4
[69, 65] = €5, [69, 66] = €
g s [e1, ea] = e + es, —a1 26V + agg(el® — 2e17 — 18) No
[e1,e3] = eq, [ea,e5] = e —ay 7ebT + (16,8(%@2’5 — L6 _ 6.8
[er,e1] = e1, [er,e3] = e3 —a2,8¢?8 + (a1 2 +asg)(e>” 4 38)
[67, 64] = 2ey, [67, 65} = e5 —&5,8(65’7 + 65’8) + arger s
[e7,e6] = eg, [es, €2] = ea Conditions : ag g # 0,a48 # 0
les, €3] = €3, [es, ea] = ea
[es, e5] = es, [es, es] = 2eq
6.9 le1,ea] = e3, [e1,e3] = ey, azs(el? —e37 —e38) —ag ge?® No
[61, 65] = €g, [62, 63] = €4 +a478(61’3 — 264’7 + 64’8) — a17761’7
le7,e1] = e1, [er, €3] = e3, +1ags(eh® + e — b7 — 68+
le7, e4] = 2eq, [e7, €6] = €6, —a55€”® — agge™®
[es, e2] = ea, [es, e3] = e3, Conditions : ag g # 0,a48 # 0
[eg, 64] = €4, [68, 65] = 265,
[68, 66] = 266
16,10 [e1,e2] = e3,[e1,e3] = es, —ay 2(eb? —2e37) — ay g(el® x ae?") No
[e1, e4] = eg, [e2, €3] = a.eq, ag,s(ael® 4+ ae?* — 357 — €68)
[e2, e4] = €5, +ass(eh? + ae?? — > — 3e%7)
[e7,e1] = e, [er,ea] = ea, —azg(ebT + e28) — a55(3e57 + €58)
le7, e3] = 2ea, [e7, e4] = 2e4, —aszet” —agge™®
[e7, es5] = 3es, [er, es] = 3eg, Conditions : a # 0, aag’8 + a%,s
les, e1] = %627 [es, e2] = e1,
es, e5] = e, [es, €6] = i€5,
6,11 [e1, e2] = es, [e1, e3] = ey, a378(el’2 —e3T —e38) — a1,7el*7 Yes
le1, eq] = e5, [e2, €3] = e, tagg(el? —2eb7 — eh8) — gy ge? 8
ler,e1] = e1, [er, e3] = e3, +a5,8(€1’4 — 3BT — 65’8) - Cl7,8€7’8
[e7, e4] = 2ey, [e7, 5] = 3es, +ag,s(.e2% — 1.e57 — 68)
[e7, e6] = eg, [es, e2] = ea, Conditions : as g # 0,a68 # 0
les, e3] = e, [es, e4] = eq,
[6g, 65] = €5, [68, 66] = 266,
6,12 le1,es] = ey, [e1, 4] = €5, Dimension not even No
[e2, e5] = e,
[e7,e1] = e1, [er, ea] = eq,
[67, 65] = 265, [67, 66} = 266,
[687 62] = €2, [687 65] = —é€s,
[697 63] = €3, [697 64] = €4,
[eg, e5] = €5, [e9, e6] = €6
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Ng,13 [61, 62] = €5, [61, 63] = €4, No
[e1,e4] = eg, [e2,€5] = e asg(el? —e>7 —eP8) —ay 77
le7,e1] = eq, [e7,e3] = —e3, +ass(se Lol3 e*8) + azg(1/2.€37 — >8)
le7,e5] = es, [er, e6] = e, +5a6,s(e! A e25 — 67 2¢6.8)
les, e2] = €2, [es, e3] = 2e3, —azge®® —agge”®
[es, e4] = 2eq, [es, e5] = €5, Conditions : ag g # 0, a3 8068 7 aig
[68, 66] = 266
6,14 le1,e3] = eq, [e1, 4] = €, Dimension not even Yes
[e2,e3] = es5, [e2,e5] = a * es,
ler,e1] = e1, [er, ea] = ea,
le7, e4] = ea, [e7, e5] = €5,
[67, 66] = 266, [68, 61] = —leg,
[es, e2] = e1, [es, e4] = —es,
[es, es5] = ea, [eg, €3] = e3,
[eg, e4] = ey, [eg, €5] = €5,
[eg, es] = e
6,15 [e1,ea] = es + es, [e1, €3] = ey, Dimension not even No
[61, 64] = €¢, [62, 65] = €
le7, e1] = e, [er, 2] = 2ea,
le7, €3] = 3es, [e7, ea] = dey,
[e7, e5] = 3es, [er, eg] = beg,
n6716 [61, 6’3] = €4, [61, 64] = €5, a478(61"3 — 64’7 — 64"8) — &1,761’7 No
[e1,e5] = es, [e2, €3] = €5, +as (el + 23 — 257 — 58)
[e2,e4] = eg, [e7,€1] = €1 +ag,s(eld + 24 — 3e57 — €6:8)
[67, 62] 262, [67, 64] = €4, —a2’762’7 — a3’8€3’8 — a7,ge7’8
[e7, e5] = 2es, [er, es] = 3es, Conditions :
[68, 63] = €3, [68,64] = €4, 6,8 7é 0,
[68, 65] = €5, [68, 66] = €6, 30’37804% 8 7é 30’4780'5,80'6,8 + ag 8
6,17 [e1,ea] = es, [e1, e3] = ey, asg(eh? — e™3 —e3¥) — a1,7el’7 No
[e1, e4] = eg, [€2, €5] = eg, +ag,s(eh? + €25 — 357 — e6:8)
le7,e1] = ex, [er,e3] = es, t+agg(eld —2etT — eb8) — qy ge? 8
le7, e4] = 2eq, [e7, e5] = 3es, —a5,7¢>" — a7 ge™®
[e7, es] = 3es, [es, ea] = ea, Conditions : agg # 0,
[es, e3] = es, [es, 4] = ey, 2a3,8a6,8 7 Q4,8
[es, e6] = €6
6,18 le1,e2] = es, [e1,e3] = ey, Never admits a symplectic Yes
[e1, e4] = eg, €2, 3] = e5, structure
[e2, e5] = aeg
[e7,e1] = e1, [e7, €] = ea,
[67, 63] 263, [67, 64] = 364,
[e7, e5] = 3es, [er, es] = 4es,
les, e1] = *1627 es, e2] = e,
[68; 64] = — 465 [687 65} = €4,
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619 | [€1,€2] = €3, [e1, e3] = ey, Dimension not even No
[61,64] €5, [61,65] = €6,
[e2, e3] = eg,
lez, e1] = e1, [er, ea] = 3ea,
[67, 63] 4e €3, [67, 64] = 564,
[67, 65] 6 [67, 66] = 765,

6,20 | [€1,€2] = es, [el, es] = eq, Dimension not even No
[e1, eq] = e5,[e1, e5] = eg,
[62, 63] = €5, [62, 64] = €
[e7,e1] = eq, [e7, ea] = 2eq,
[e7, e3] = 3es, [e7, e4] = 4ey,
[677 65] = 5¢€s5 [677 66] = bes

Ng,21 [61, 62] = €3, [61, 65] = €¢, a378(el’2 — 63’7 — 63’8) — 0,1,761’7 No
[e2, e3] = ey, [e2, 4] = €5, %a&g(el’5 + 3% — 2e57 — 3¢6:8)
[es, e4] = eg, %a47g(62’3 —ehT —eh®) —qagge?®
[e7,e1] = e, [e7, e3] = e3, 5&578(62’4 — DT — 58 — a7,8e7 8
[e7, e4] = eq, [e7,€5] = €5, Conditions : as gag.s # 8a3,8a5s + Sais,
[67, 66] = 2e €6, [68, 62] = €9, ae,8 7£ 0
les, €3] = €3, [es, ea] = 2eq,
[es, e5] = 3es, [es, es] = 3eg,

NG00 | [€1,€2] = €3, [e1, e3] = es, Dimension not even No
le1,e5] = eg [62,63] = €4,
[627 64] = €5, [63, 64] = 66
[e7,e1] = e1, [er, ea] = Fea,
le7, €3] = g 3, [e7, ea] = 2ey,
[67765] = 565, [67766} = %66
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