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Abstract. In this short note we recall the definition of intrinsically harmonic forms, some
known results and some open problems.
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1 Introduction

A differential form w on an n-dimensional manifold M is called intrinsically
harmonic [5] if it is harmonic with respect to some Riemannian metric g. An
intrinsically harmonic form is a fortiori closed and then the main problem is to
give necessary and sufficient conditions under which a closed form is intrinsically
harmonic.

In fact only the forms of degrees 1 and n—1 have been quite well understood.
A classical theorem of Calabi [5] answers the question for 1-forms with non-
degenerate zeros and Honda [I1] proved the dual case of (n — 1)-forms.

In 2007 Volkov [16] gave a complete characterization for closed 1-forms, but
in general the forms of degrees strictly between 1 and n — 1 present additional
problems.

In this short survey I recall some known results and a few problems con-
cerning in particular the case of 2-forms. In what follows we will assume that
the manifolds we are woking with are closed, connected and n-dimensional.
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2 Intrinsically harmonic forms

The problem of giving an intrinsic characterization of harmonic forms has
been introduced by Calabi in [5]. The case of 0-forms is quite trivial because
we are working with closed manifold, so only constant function are intrinsically
harmonic. On the other side, every volume form is intrinsically harmonic be-
cause it is closed and can be realized as a Riemannian volume form. The first
interesting case arises for 1-forms.

Calabi himself proved the following characterization of generic 1-forms (a
k-form is said to be generic when, as section of the vector bundle of k-forms, is
transverse to the zero section):

Theorem 1. A generic closed 1-form « is intrinsically harmonic if and
only if the following conditions are satisfied:

(1) « is locally intrinsically harmonic (i.e. intrinsically harmonic on a neigh-
borhood of the set of its singularities),

(2) for every non-singular point p there exists an embedded circle passing
through p and transverse to the hyperplane determined by o (o is said
transitive).

Calabi also showed that a nowhere vanishing closed 1-form is necessarily
transitive and then intrinsically harmonic.

In a similar fashion, Honda [I1] proved the dual case of (n — 1)-forms, where
transitivity here is understood as the existence, on non-singular points, of a
codimension 1 closed submanifold transverse to the line field determined by the
(n — 1)-form.

Mercuri and Franga [9] proved that transitive nowhere vanishing (n — 1)-
forms are intrinsically harmonic.

Remark 1. In contrast with the case of closed 1-forms, for never-vanishing
closed (n — 1)-forms it is not true that they are automatically transitive and
then intrinsically harmonic. A simple example is given by the pullback in S?
of the volume form of S? via the projection of the Hopf fibration (see [8], for
example).

In 2007, Volkov [16] was able to drop the genericity condition used by Calabi
and gave a complete characterization for closed 1-forms.

Volkov also pointed out that, in general, the forms of degrees strictly between
1 and n — 1 present additional problems. One of this difficulties is illustrated by
an interesting example which we recall in Section
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3 Intrinsically harmonic two-forms and so on

For forms with degrees strictly between 1 and n — 1, non-degeneracy means
that the forms have no zeros at all (just for dimensions reasons and transver-
sality).

Simple examples of generic 2-forms are given by any symplectic form which
is harmonic with respect to any compatible metric. In fact, its Hodge-dual is,
up to a constant, a power of the symplectic form itself.

Another simple example is given by any of the two forms composing a sym-
plectic pair defined as follows:

Definition 1 ([3,4]). Let M be a 2m-dimensional manifold. A pair of closed
2-forms (w, n) is called a symplectic pair of type (k,m—k) (for 0 < k < m) if they
have constant ranks 2k and 2(m — k) respectively, and moreover w?* A n2(m=k)
is a volume form.

The kernels of w and 7 are integrable complementary distributions and there-
fore integrate to a pair of transverse foliations F,, and F;,, called characteristic
foliations.

For a symplectic pair it is possible to construct so-called compatible Rieman-
nian metrics. With respect to these metrics, the foliations are orthogonal, and
both have minimal leaves. Moreover, as for a symplectic form, each form of the
pair is harmonic with respect to a compatible metric.

Concerning the problem of characterizing generic 2-forms, the first interest-
ing case comes up in dimension four, and at a first glance one could consider
only forms of constant rank.

On a 4-dimensional manifold, a non-vanishing 2-form of constant rank has
either rank 2 or 4. Zero forms and symplectic forms (of rank 4) are intrinsically
harmonic, so let us consider 2-forms of rank 2.

Concerning closed forms of rank 2, Volkov gave the following example (see
[16, Example 1]):

Example 1. Let CP'XCP! be the non-trivial CP'-bundle over CP!. On
the base space of CP'XCP!, consider a volume form and pull it back on the
total space. Let’s call 2 the pull back. Of course €2 is closed, has constant
rank 2 and its kernel foliation is given by the fibers of the bundle. Nevertheless
Q) cannot be intrinsically harmonic because otherwise its Hodge dual would
also have constant rank two, and would determine a foliation transverse to the
fibers and therefore a foliated bundle. Foliated bundles are classified (up to
conjugation) by a representation of the fundamental group of the base space
into the diffeomorphism group of the fiber, but the simply connectedness of the
base forces the bundle to be trivial.

The discussion after Example 1 in [16], suggested in some sense the following
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result:

Theorem 2 ([9]). Let M be a manifold with a closed k-form w of rank k.
Then w is intrinsically harmonic if and only if there exists a closed form n of
rank n — k such that kerw Nkern = {0}.

If we restrict to 2-forms on 4-manifolds then we have:

Theorem 3 ([I]). A closed 2-form of constant rank 2 on an orientable closed
four dimensional manifold M is intrinsically harmonic if and only if it is part
of a symplectic pair.

Still working with bundles, Franca and Mercuri were able to characterize
flat principal bundles in term of intrinsic harmonicity:

Theorem 4 ([9]). Let B = {B,p, M} be a differentiable principal circle
bundle with M closed and orientable. Then B admits a flat connection if and
only if the pullback of a volume form of B is intrinsically harmonic.

Concerning the link with vector fields, I recall the following result of Simié
(a different proof is also given in [7]), related to the existence of global cross-
sections for non-singular flows:

Theorem 5. [15, Main Theorem] Let ® be a non-singular smooth flow on a
smooth, compact, connected manifold M. Denote the infinitesimal generator of
® by X and assume that ® preserves a smooth volume form Q. Then ® admits
a smooth global cross-section if and only ix$2 is intrinsically harmonic.

As a corollary one has the following;:

Corollary 1. [15, Corollary 1.5] Let ® be a non-singular smooth flow on
a smooth, compact, connected manifold M, with infinitesimal generator X. As-
sume that ® preserves a smooth volume form Q. If i xQ is intrinsically harmonic,
then [ixQ) # 0 € Hi g (M).

As an application of the theory of intrinsically harmonic forms, we close this
section with the following result which characterizes the n-torus among closed
manifolds supporting (n — 1) linearly independent closed 1-forms:

Theorem 6. [8/ Let M be a closed n-dimensional manifold supporting (n—
1) linearly independent closed 1-forms A1, -+, Ap—1. If w := Ay A=+ A Ay
determines a non-zero cohomological class, then it is intrinsically harmonic. In
particular, there exists a closed 1-form n such that the set {\1,--- , Ap—1,m} is
linearly independent, and therefore M is diffeomorphic to T™.
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4 Open problems

The interest of Theorem [3]|is due to the fact that there are topological ob-
structions to the existence of a symplectic pair on closed manifolds. For example,
the existence of a symplectic pair on a manifold implies that its second Betti
number by satisfies by > 2. Therefore CP2, which is symplectic, admits intrinsi-
cally harmonic 2-forms of constant rank 4 but no intrinsically harmonic 2-forms
of constant rank 2.

A more interesting example is given by CP2#CP2, the non-trivial CP-
bundle over CP' of Example [1] (see [T4] for an explanation). CP?4CP? fulfills
all the basic topological obstructions to the existence of a symplectic pair but,
by [2], it admits no symplectic pair and thus we have:

Corollary 2. CP?#CP? admits no intrinsically harmonic 2-form of con-
stant rank 2.

Since CP?#CP? is symplectic, the only intrinsically harmonic 2-forms of
constant rank, can have rank 4 or 0.
The following natural question is answered by the positive in [1]:

Question 1. Does CP2#CP2 admit an intrinsically harmonic 2-form of non-
constant rank which is not symplectic and has at least rank 2 in a point?

One can try to seek for more restricted ranks and ask the following;:

Question 2. Does CP2#CP? admit an intrinsically harmonic 2-form of non-
constant rank r < 4 which has rank 4 at least in a point?

Question 3. Does CP?>#CP? admit an intrinsically harmonic 2-form of non-
constant rank r such that 2 < r < 4 and there are points where r = 2 and
r=4%¢

Here CP24#CP? can be replaced by the blow-up of CP2 in k point or, more
generally, by a closed orientable symplectic 4-manifolds which is non-minimal.

Of course the more important is the following question, which should be
compared with [I2, Conjecture 4.5]:

Question 4. Characterize intrinsically generic (non-vanishing) harmonic 2-
forms on 4-manifolds. The next step should be to drop the genericity condition.
More generally what can one say in dimension greater than 47

Coming back to (n — 1)-forms, Remark 1| suggests the following:

Question 5. Is there an example of a nowhere-vanishing closed (n — 1)-form,
non-exact and non intrinsically harmonic?.
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Related to Corollar is the following question (see the final Question in

[15]):

Question 6. Is there some relation between two Riemannian metrics associated
to two non-homologous cross-sections?

Since symplectic forms are intrinsically harmonic with respect to a compat-
ible metric, the following question is quite natural:

Question 7. A symplectic form w (in particular a Kdhler form) is harmonic
with respect to a compatible metric. Are there other interesting metrics making
w harmonic? Are two such metrics related in some sense?

One could also check for maps preserving intrinsic harmonicity and therefore
we have the:

Question 8. Is it possible to give examples of a map between two manifolds
such that pull back of intrinsically harmonic forms are intrinsically harmonic.
Of course a diffeomorphism works just by pulling back the metric making a
closed form harmonic.

By [13], on a Riemannian manifold the fact that the wedge product of har-
monic forms is harmonic, implies strong topological restrictions. Since intrinsic
harmonicity does not fix the metric, one can ask what follows:

Question 9. What one can say about manifolds for which the wedge product of
intrinsically harmonic forms is still intrinsically harmonic?
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