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Introduction

In the present paper, we deal with the classes S,,(RY) of ultradifferentiable
rapidly decreasing functions of Beurling type, where w is a non-quasianalytic
weight function in the sense of Braun, Meise and Taylor [9]. Bjorck [5] intro-
duced in 1966 the global classes S, (RY) of ultradifferentiable functions, using
weights w in the sense of Beurling. In the last years, many authors focused their
interest on this setting, studying many properties of S, (RY) (see [6, 7, 8, 11],
for instance, and the references therein). In [1, 2], the authors introduced and
studied the space Opr,(RY) of the slowly increasing functions and the space
Oc(RY) of the very slowly increasing functions in the setting of ultradifferen-
tiable function spaces of Beurling type. For instance, in [1, 2], the authors proved
that Oy (RY) is the space of the multipliers of S,,(RY) and of its dual S/,(R")
and that the strong dual O , (RY) of O, (RYN) is the space of the convolutors
of Su(RM) and of its dual S/, (RY). Schwartz [18] started in 1966 the study of
multipliers and convolutors of the space S(R™) of rapidly decreasing functions,
because of the importance of their application to the study of partial differential
equations. Many authors also introduced and studied particular aspects of the
spaces of multipliers and of convolutors for ultradifferentiable classes of rapidly
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decreasing functions of Beurling or Roumieu type in the sense of Komatsu [16]
(see, fi., [12, 15]).

In this paper we continue the study of the space O¢ ,(RY) started in [1, 2],
showing that it is a sequentially retractive (LF)-space (Section 3) and hence,
complete. We point out that from a functional point of view, establishing or
not the completeness of an (LF)-space is a very difficult task. It is still an open
problem posed by Grothendieck (see, e.g., [4, p.78]) if a regular (LF)-space is
complete.

As a first step towards the main result of the paper, we prove in §2.1 a
general criterion to establish the sequential retractivity of a quasi-regular (LF)-
space (see Proposition 2). In order to apply this criterion to our case, we show in
Section 3 that on the dual space O&w (R™N) the strong topology, the projective
topology and the topology induced as a subspace of Ly(S, (RY)) coincide, where
Ly(S,(RY)) denotes the space of all continuous linear operators from S, (RY)
into itself, endowed with the topology of the uniform convergence on bounded
subsets of S,,(RY) (see Proposition 9).

1 Definitions and preliminary results

1.1 (LF)-spaces

Let E be alocally convex Hausdorff space (IcHs, briefly). As usual, we denote
by E’ﬁ its topological dual endowed with the strong topology.

An (LF)-space is a IcHs E which is an inductive limit £ = ind ~ E, of an
inductive sequence {E,},cn of Fréchet spaces, i.e., B, — E,;1 continuously
for all n € N, E = UpenEy, and E is endowed with the finest locally convex
Hausdorff topology such that the inclusions E < E,, are continuous.

Let us recall some necessary definitions. An (LF)-space £/ = ind — E), is said
to be quasi-reqular if for every bounded subset B of F, there exist n € N and a
bounded subset C of E,, such that B C C, where the closure is taken in E. We
say that E' = ind  E), is regular if every bounded subset in E is contained and
bounded in E,, for some n € N. Regular (LF)-spaces are clearly quasi-regular
and complete (LF)-spaces are regular.

Moreover, an (LF)-space E = ind » Ey, is said to be: compactly retractive
if for every compact subset K of E, there exists m € N such that K C FE,,
and it is compact there; boundedly retractive if every bounded subset B of E
is contained in some step FE, and the topologies of E and FE, coincide on B;
sequentially retractive if every convergent sequence in F is contained in some
step F, and converges there.

We point out that, due to Grothendieck’s factorization theorem, all the
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conditions introduced above do not depend on the defining inductive spectrum
of E. We refer the reader to [19, 20] for more details.

The following theorem due to Wengenroth for (LF)-spaces (see [20, Theorem
6.4]) shows the equivalence of some the properties introduced above.

Theorem 1. For an (LF)-space E = ind — E,, the following conditions are
equivalent:

(1) E is boundedly retractive;
(2) E is compactly retractive;
(3) E is sequentially retractive.

Furthermore, sequentially retractive (LF)-spaces are complete (see [20, Corol-
lary 2.8]) and hence, regular.

We recall that if £ = ind— E, is an (LF)-space, then the canonical linear
map j: By — proj < (En)j, f = (f|g,)nen, (Where the projective limit is formed
with respect to the natural restrictions (En+1)3 — (En)j3, g9 = g|g,) is a con-
tinuous and surjective isomorphism. But in general, j is not an open map. By
standard duality arguments, one shows the following fact.

Proposition 1. Let £ = indﬁEn be an (LF)-space. Then E is quasi-
regular if, and only, if Ejy = proj«(Ey,)j topologically.

Proof. See, for example, [14] or [17, §22.6 and 22.7]. QED

Now, we give a simple criterion to establish the sequential retractivity of a
quasi-regular (LF)-space.

Proposition 2. Let E = indﬁ E, be a quasi-reqular (LF)-space. Suppose
that there exists a Fréchet space F' such that E — F continuously and

(*) for alln € N and for every bounded absolutely convezr subset B of E,,, the
spaces Eyn 11 and F induce the same topology on B.

Then E is a sequentially rectractive (LF)-space.

Proof. Let {x;}jcn be a null sequence in E. Then there exists a bounded ab-
solutely convex subset By of E such that {z;};en U {0} C By. Since E is a
quasi-regular (LF)-space, there exist n € N and a bounded absolutely convex
subset C' of E,, such that By C éE. We observe that by assumption, the se-
quence {x;};cn also converges to 0 in F.

For a fixed x € éE, there exists a net {cy}o C C such that ¢, — x in E and
hence, in F'. Accordingly, {cq}« is a Cauchy net of F. Since E,,;1 and F' induce
the same uniformity on C, it follows that {cs}, is also a Cauchy net of E,, ;1.
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But, F,+1 is a Fréchet space. So, we get that there exists y € E, 1 such that
Co — Yy in Ey1q and hence, in F'. Therefore, x = y. By the arbitrariness of x, it
follows that By C E,y1 and that By is bounded in E, 11, since By C P o
Eniq.

Now, FE,ts and F' induce the same topology on every bounded subset of
E,+1 and hence, on By. Since {z;}jen C By and z; — 0 in F, it follows that
xj — 0in E, ;2. This completes the proof. QED

1.2 The spaces S,(RY), Oy (RY) and O¢,(RY)

We first give the definition of non-quasianalytic weight function in the sense
of Braun, Meise and Taylor [9] suitable for the Beurling case, i.e., we also con-
sider the logarithm as a weight function.

Definition 1. A non-quasianalytic weight function is a continuous increas-
ing function w : [0,00) — [0, 00) satisfying the following properties:

() there exists K > 1 such that w(2t) < K(1 4 w(t)) for every ¢t > 0;

(B) [° 24, dt < oo

(7) there exist a € R, b > 0 such that w(t) > a + blog(1 + t), for every t > 0;
(0) @uw(t) =woexp(t) is a convex function.

We recall some known properties of the weight functions that shall be useful
in the following (the proofs can be found in the literature):
(1) Condition («) implies that

w(ti +t2) < K(14w(ti) +w(ta)), Vti,t2 > 0.

Observe that this condition is weaker than subadditivity (i.e., w(t; + t2) <
w(t1)+w(t2)). The weight functions satisfying («) are not necessarily subadditive
in general.

(2) By condition (v), we have that

N +1
bp

e 0 e LP(RY), VA >

Given a non-quasianalytic weight function w, we define the Young conjugate
o, of ¢, as the function ¢, : [0,00) — [0, 00) by

o (s) :=sup{st — pu(t)}, s>0.
>0
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There is no loss of generality to assume that w vanishes on [0, 1]. Therefore, ¢
is convex and increasing, ¢ (0) = 0 and (¢},)* = ¢,. Furthermore, “Oj’t(t) is an
increasing function in (0, 00) and in particular, for every s,¢ > 0 and A > 0 the
following chain of inequalities holds true:

s+t s t s+t
2" <At (7) (D) < . 1.1
We now introduce the ultradifferentiable function spaces which will be con-

sidered in this paper: S,(RY), Oy (RY) and O¢,, (RY).
Following Bjork [5] we define:

Definition 2. Let w be a non-quasianalytic weight function. We denote by
S,(RYN) the set of all functions f € L'(RY) such that f, f € C°(RY) and for
all A > 0 and a € N} we have

|| exp(Aw)0%flooc < 0o and || exp()\w)ao‘fﬂoo < 00,

where f denotes the Fourier transform of f. The elements of S,(R"Y) are called
w-ultradifferentiable rapidly decreasing functions of Beurling type. We denote by
S/ (RN) the dual of S,,(R") endowed with its strong topology.

The space S, (RY) is a Fréchet space with different equivalent systems of
seminorms (see [2, Proposition 2.4], [7, Theorem 4.8] and [6, Theorem 2.6]). In
the following, we will use the following systems of norms generating the Fréchet
topology of S,,(RY):

Ou(f) == sup || exp(pw)0® f|lo exp (—)\cpf: <M|>> , Au>0, fe SW(RN),

aENg A

(equivalently, the sequence of norms {¢mn}mnen) or, for any 1 < p < oo and
A p >0,

Pl = | 3 et slpes (-mez (1)) ]+ e s,

aeNg

(equivalently, the sequence of norms {om np}mneN)-

We point out that the space S,,(RY) is a nuclear Fréchet space, see, f.i., [8,
Theorem 3.3] or [11, Theorem 1.1].

We refer the reader to [9] for the definition and the main properties of the
ultradifferentiable function spaces &,(?), D, () and their duals of Beurling
type in the sense of Braun, Meise and Taylor. We only recall that for an open
subset  of RV, the space &,(f) is defined as

Eu(Q) :={f e CQ): prm(f) <o VK € Q, m € N},
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where

prem(f) = sup sup 0% f()|exp <—m¢:: (ﬁ')) |

rzeK aeNéV

E,(Q) is a nuclear Fréchet space with respect to the le-topology generated by the
system of seminorms {pr m}Keqmen (see [9, Proposition 4.9]). The elements
of £,(Q2) are called w-ultradifferentiable functions of Beurling type on €.

The spaces Onrwp(RY) and Oc, »(RY), for 1 < p < oo, have been intro-
duced in [1, 2], as follows.

Definition 3. Let w be a non-quasianalytic weight function.
(a) For myn € N and 1 < p < oo, we denote by OZ:‘%I,(RN) the space of all
functions f € C>°(RY) such that

Tmon,00(f) == sup sup |0 f(x)|exp <nw(:v) — mey, <k7:;|)> < o0, if p= o0,

a€NY zeRN
« .
nslD)i= 3 Noxpona)o figesy (—pmt (121)) <o it 1<p <
aENg

The space (Omw,p(RN), Tm.n,p) 18 @ Banach space for all m,n € Nand 1 <p <
0.

(b) For 1 < p < oo, the space Oy, ,(RY) is defined by

[e.9]

OM»va(RN) = ﬂ U O;rfw,p(RN)

m=1n=1

and it is endowed with its natural le-topology, i.e., Ops . »(RY) = proj < OF, (RM)
is the projective limit of the (LB)-spaces O, (RY) := ind - op, ,RY), meN.
We denote by OGM,w,p(RN ) the dual of Opr,(RY), endowed with its strong
topology.

(c) For 1 < p < oo, the space Ocvap(]RN) is defined by

Ocuwp®Y) = [ Optp®Y)

n=1m=1

and it is endowed with its natural le-topology, i.e., Oc 4, »(RY) = ind > Onwp(RY)
is an (LF)-space, where O, , »,(RY) := proj < o, (RY) is a Fréchet space for
any n € N. We denote by O, (R¥) the dual of O¢,, ,(R"Y), endowed with its

Cw,p
strong topology.
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In the following, the spaces O}, ., (RV), O (RY), Onw.00(RY), Opgo 00 (RY)
and Oc w00 (RN) are simply denoted by (’)wa(RN), OM(RYN), Oy (RY), Omw (RM)
and (’)CM(RN ) respectively (also 7y n.0o is simply denoted by 7p,,), for any
m,n € N. The elements of Oy, (RY) (of O¢,(RY), resp.) are called slowly in-
creasing functions of Beurling type (very slowly increasing functions of Beurling
type, resp.).

Recall that the inclusions D, (RY) < S,(RY) < O¢ o, (RY) < Opr o (RY) —
E,(RN) are well-defined, continuous with dense range, see [1, Theorems 3.8,
3.9 and 5.2(1)]. Hence, the inclusions & (RY) — OMW(RN) — O’CM(RN) —
S (RN) — D/ (RN) are also well-defined and continuous. Furthemore, the in-
clusions Opr,(RY) < S/ (RY) and O¢,(RY) — S/ (RY) are continuous.

Concerning the spaces O MW(RN ) and C’)(;,w(RN ) introduced above we have
the following result (see [2, Proposition 3.8]).

Proposition 3. Let w be a non-quasianalytic weight function. Then the
following properties are satisfied:

= and Oy, o = Ohw algebraically and topo-
1) O™(RN Ol RN d Onw(RY) = O, 0,(RY) alged I d
logically for every 1 < p < oo and m,n € N;

(2) Opow(RY) = Oprwp(RY) and Ocy(RY) = O, p(RY) algebraically and
topologically for every 1 < p < oo.

In particular, the space Oy, (RY) is the space of multipliers of S,,(RY) (see
[1, Theorem 4.4]).

Proposition 4. Let w be a non-quasianalytic weight function. Then the
space Onro(RY) is the space of multipliers of Su,(RY), i.e., f € Onw(RY) if,
and only if, fg € Su(RY) for all g € S,(RN). Moreover, if f € Opw(RY),
then the linear operator My : Sy(RY) — S,(RY) defined by My (g) := fg, for
g € Su(RN), is continuous.

Furthemore, by a result of Debrouwere and Neyt [10, Theorem 5.3] we have

Proposition 5. Let w be a non-quasianalytic weight function. Then the
space Opgo(RY) is ultrabornological.

Thanks to Proposition 4, the space Oy, (RY) can be identified with the
subspace of L(S,(RY)) whose elements are the multipliers M;. So, the space
O w(RY) can be endowed with the topology 7, induced by Ly(S,(RY)), where
Ly(S,(RN)) denotes the space of all continuous linear operators from S, (R)
into itself, endowed with the topology of the uniform convergence on bounded
subsets of S,(RY). But, by Proposition 5 the induced topology 7, coincides with
the natural topology of Oy, (RY).

The space O, (RY) is the space of convolutors of S,,(RY) (see [2, Theorem
5.3]).
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Proposition 6. Let w be a non-quasianalytic weight function satisfying the
condition log(1 +t) = o(w(t)) as t — co. Then O&vw(RN) is the space of con-
volutors of S,(RN), i.e., T € O’CM(RN) if, and only if, T x f € S,(RN) for all
[ € SL(RN). Moreover, the linear operator Cr : S,(RY) — S, (RY) defined by
Cr(f) =T« f, for f € Su(RY), is continuous.

We point out that by [2, Theorem 5.3,(1) = (2)], for any non-quasianalytic
weight function w, if T' € O’C,W(RN), then the convolutor Cr € L(S,(RY)).
Hence, O'C’M(RN ) can be always identified with a subspace of £(S,(R")), whose
elements are the convolutors Crp.

Finally, we recall that if w is a non-quasianalytic weight function satisfying
the condition log(1 4 t) = o(w(t)) as t — oo, the Fourier transform is a topo-
logical isomorphism from O/C,W(RN) onto Oy, (RY) (see [2, Theorem 6.1]). In
particular, for all ' € Og , (RY) and f € S,(RY) the convolution T'x f satisfies

the following property: R
F(T*f)= fF(T). (1.2)

We conclude this section by showing that the Fourier transform is also a
topological isomorphism when O’CM(RN ) is endowed with the topology 7, in-
duced by L;(S,(RY))

Proposition 7. Let w be a non-quasianalytic weight function satisfying the
condition log(l +t) = o(w(t)) as t — oo. Then the Fourier transfom F is a
topological isomorphism from (O’CM(RN),TI,) onto Opr,(RY).

Proof. For a fixed net {T;}ier C O, (RY), we observe that in view of (1.2) the
following equality holds true:

F(Tixg) = §F(T3), g€ S.,(RY), iel

Moreover, T; x g € S,(RY) for every g € S,(R) and i € I. Since F is a topo-
logical isomorphism from S,,(RY) onto itself, if we set f; := F(T}) € Opr(RY)
fori € I, then T; — T in ((’)’CM(RN), 7p) for some T' € Og, , (RY) if, and only if,
Tixg — T g in S,(RY) uniformly on bounded subsets of S,,(RY) if, and only
if, F(T; % g) — F(T * g) in S,(RY) uniformly on bounded subsets of S, (RY)
if, and only if, gf; — §f in S, (RY) uniformly on bounded subsets of S,,(RY),
where f := F(T), if, and only if, f; — f in Opro(RY), being the topology of
Onw(RY) equal to the one induced by Ly,(S,(RY)) as observed above.

2 Oc.(RY) is a sequentially retractive (LF)-space

The aim of this section is to establish that O¢,(RY) is a sequentially re-
tractive Montel (LF)-space. To do this, we collect some auxiliary results.
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Lemma 1. Let m,n € N and 1 < p < oo. Then the following properties are
satisfied:

(1) The Banach space O, (RYN) is reflexive;

n7w7p

n7w7p

LY (RN, exp(nw(z))dz) such that

/ % [0
T= 3 0% and 3 |lexp(nw) fall” exp (p’msow ('m')> < oo,

aeNYY aeNY

(2) T € (O™, (RN if, and only if, T € D.,(RY) and there exists {fa}aeNé\’ C

being p’ the conjugate exponent of p.

Moreover, the space (O}, ,(RY))" endowed with the norm

. ' e
gl D)= S {2 esptua) ol exw (s (12)) )

aGNg

where the infimum is taken over all {fa}aeNéV C LY (RN, exp(nw(z))dz) satis-
fying (2.3), is the strong dual of the Banach space O, (RN).

n7w7p

Proof. 1t is straightforward. QED

Lemma 2. Let w be a non-quasianalytic weight function and 1 < p < oo.
Then the inductive spectrum {Op o »(RY)}uen is reduced, i.e., for alln € N the
space Oy, p(RY) is dense in Opi10,,(RY).

Proof. The result follows from [2, Proposition 4.2(3) and Remark 4.3]. QED

In view of Lemmas 1 and 2, for any 1 < p < oo the family {Omw,p(RN)}neN
is a reduced inductive spectrum of reflexive Fréchet spaces. Accordingly, the
strong dual O, (RY) of Op41,0,p(RY) is continuously included in the strong

n+1,w,p
dual O}, , ,(RY) of Opup(RY) for all n € N, and (’)’CM(RN) =0, (RY) =

= 0.,
NnenO,, , »,(RY). So, we can consider on O’CVM(RN) the projective topglogy Tpr
defined by the projective spectrum {O%7w7p(RN)}n6N, ie., ( ’CW(RN),TW) =
proj « (’);me(RN). The topology 7, does not depend on p, because of the fact
that Ocuw(RY) = Ocwp(RY) for all 1 < p < oo. As it is well known, the
inclusion ((’)’CM(RN ),78) — (O’C’M(RN ), Tpr) is continuous, where 73 denotes
the strong topology of O’CV’M(RN ). In the following, we show that also 7, = 73
on O/C,w (R™). To see this, we first establish the following fact, which is valid for

every non-quasianalytic weight function w.
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Proposition 8. Let w be a non-quasianalytic weight function. Then the
inclusion ( /C,w(RN)anT) — (O'C”w(]RN),Tb) is continuous, where T, denotes
the locally convex topology induced on O’CM(]RN) by Ly(S,(RV)) .

Proof. For all n € N, set U, := {f € Su(RY): gun(f) < 1}. Then {Up}nen
is a basis of closed absolutely convex 0-neighborhoods of S,,(R”"). Taking into
account that ((’)’aw(RN),TpT) = proj « 0}, ,2(RY), it suffices to show that for
all n € N and every bounded, closed absolutely convex subset B of S,,(RY), the
set

M(B,Uy) :={T € O ,(RY): T« f € U, Vf € B}

contains (' (the polar taken in O’Cij(RN )), for some bounded subset C of

On/’w’2<RN ) and some n’ > n. To prove this, for a fixed n € N, we observe that
if T € O ,(RY), then T € O, ,,(RY) with n’ = [Kn] + 1 > n (where K is
the constant appearing in Definition 1(«)). Hence, T € ( Z},w,z(RN))/a for some
m € N which can be always supposed greater or equal than n’. So, by Lemma
1, there exists {fa}aeNON C L*(RY exp(n’w(z)) dx) such that T = ZaeNé\] 0% fa

(e

and ZaeNé\’ | exp(n'w) fa |3 exp (2771(,0:‘u (W)) < oo. Now, arguing in a similar
way as in the proof of [2, Theorem 5.3], we obtain for every f € S,(RY), 8 € N
and z € RV, that
7T @) < Y lexp(n'w) fallz]| exp(—n'w)d* 7, fla,
aeNY

where

2n'w(x
A2 explata)or+ 1

< ¢ exp (—2nw(x)) || exp(n'w) 9P f|3,

I exp(—n'w)8a+ﬁ7xf]]% < Pexp (—

with ¢ := exp(n’), being n’ > Kn. Therefore, we get for every f € S,(RV),
B € N} and z € RY that

exp (nw(@)) [0°(T f) (@) < e Y [exp(n'w) fallz]| exp(n'w)d* 7 £y

aeN§

<e| 3 temttonier (2ne (12))

aeNg

x| D llexp(n'w)a* f|3 exp <—2mtpfa (lam’>>

aGNQ

X

N
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Due to (1.1), it follows that

Gmn(Tx ) = sup sup exp (nw(x)) |0 (T * f)(x)|exp <_m% (!i\))

BENY zeRN

X

<c Z | exp(n'w) fa |3 exp <2m90:; <]a|)>

m
aeNg

N|=

| 3 Jexprw)ot? fl exp (—2m<ﬂ;5
aGNg

(
<ol X lemtratalens (2me ()] x
(

aGNQ

N|=

< | 3 explatiron figey (~amy

aeNg
* o
—commalf) | 3 lexpiu's) fullesp (2mt (1))
aENg

Since ¢nn < Gmn @ m > n, we get via the above inequalities that

T o I O CY)

aeNg

for every f € S,(RY). Therefore, by passing to the infimum as indicated in
Lemma 1, we obtain for every f € S, (RY) that

Qn,n(T * f) < CUQm,n’72(f)T:71,n’,2(T)'

Fixed a bounded closed absolutely convex subset B of S,,(RY), we get that

sup gnn (1'% f) < ¢ (Sup sz,n/,z(f)> P 2(1)- (2.4)
feB feB

Now, for each m > n', set Ay, := ¢ supsep Oomw 2(f) < 00 and Vi, := {f €
On w2(RY): 7 o(f) < 1} Then C = Nyy>ps A Vi is a bounded closed
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absolutely convex subset of On/’w,Q(RN ) and hence, of (’)CM(RN ). We claim that

é’ C M(B,U,). To show this, we first observe that T' € X;m,n/ (the polar taken
in O’CM(]RN)) if, and only if, 7/ (T) < 1 (so, T € (07 ,(RM))). Now,

m,n’,2 n' w,2

if T e F(Umzn//\,jll ‘;m,n’)a where I' denotes the absolutely convex hull, then

T = 5 om OmA T, With Ty €V for all m > 2/ and 32,5, [am| < 1.
Thus, we can apply (2.4) to obtain that
SUD G (T % £) < D Jotm| Ay SUp G (T * f)
fen o fen
< Z ‘amp‘;zlAmT;n,n/z(Tm) < Z lam| < 1.
m>n’ m>n’

This means that T' € M(B, Uy,). Since M(B,Uy) is 0 := (O, ,(RY), O¢ ., (RY))-

g

closed, it follows that 5 C M(B,U,), being (O;’: (U Am X;mn/) . QED

As an immediate consequence of Proposition 8, combined with Remark 7,
we obtain the following result.

Proposition 9. Let w be a non-quasianalytic weight function satisfying the
condition log(1l +t) = o(w(t)) ast — co. Then 173 = Tp, = T3, 0N O’CM(]RN). In
particular, (O (RYN),75) = (O ,(RY), 7).

Proof. The facts that J is a topological isomorphism from the space (O, (RM)Y, )
onto the space Oy, (RY), the space Oy, (RY) is ultrabornological (see [10])
and ( /C',W(RN)7TB) — ( /C’,w(RN)?TPT) — ((’)’CM(RN),Tb) continuously and
that the space (O'C,W(RN),TL;) has a strict web (see [13, Proposition IV.3.3]),

permit to apply the De Wilde’s open mapping theorem to conclude that 73 =
Tor = Tb-

To show the sequential retractivity of O, (RY), it remains to observe the
following fact.

Lemma 3. Let w be a non-quasianalytic weight function and let n € N.
Then the spaces Opi1,(RY) and E,(RY) induce the same topology on the
bounded subsets of O ,(RY).

Proof. Let B be a bounded subset of O ,(RY). We can assume that B is
absolutely convex. Hence, we only have to show that the topology of &,(RY)
induces a finer filter of 0-neighborhoods in B than the topology of On+17w(RN ).
So, let m € N and & > 0. Then the set U := {f € Opi1.0(RY): rpni1(f) < e}
is a 0-neighborhood of Oy,11,,(RY). Since B is a bounded subset of O, ,(RY),
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there exists Cy, > 0 such that ry, ,,(f) < Cy, for all f € B. Let M > 0 such that
exp(—w(z)) < & for every |z| > M and V := {f € Eo(RM): prm(f) < e},
where K := {z € R": |z| < M}. We have that V N B C U N B. Indeed, if
f €V B, then

9% £(@)| < G exp (m(x) T me, (f‘;')) < coxp (<n+ Do) + meo?, <|§;|>)

for every a € N)¥ and |z| > M. Moreover,

[0%f ()] < eexp (m«p: <fj>> <cexp ((n + 1w() + me, <“;‘>)

for every o € N and |z| < M. It follows that 7y, ,+1(f) < € and hence,
feUnB. QED

We now are ready to show the main result of the paper, i.e., that (’)CM(RN )
is a sequentially retractive (LF)-space and hence, complete. The result should
be compared with [12, Corollary 3.9(ii)] valid in the setting of ultradifferentiable
classes defined according to Komatsu, by pointing out that such a result and
the method of proof do not apply to our case.

Theorem 2. Letw be a non-quasianalytic weight function satisfying log(1+
t) = o(w(t)) as t — oo. Then Ocy(RY) is a sequentially rectractive Montel
(LF)-space. In particular, Oc,(RY) is a complete (LF)-space.

Proof. By Proposition 9 combined with Proposition 1, we get that OC’M(RN )
is a quasi-regular (LF)-space. On the other hand, Oc . (RY) is continuously
included in the Fréchet space &,(RY) and satisfies condition (*) of Proposition
2 with respect to Sw(]RN ), as proved in Lemma 3. Therefore, we can apply
Proposition 2 to conclude that O¢,(RY) is a sequentially retractive (LF)-space
and hence, complete (see [20, Corollary 2.8]).

It remains to show that O¢,(RY) is a Montel (LF)-space, i.e., its bounded
sets are relatively compact. This follows by observing that, if B is a bounded sub-
set of O, (RY), then there exists n € N such that B C O, ,(RY) and bounded
there. Applying again Lemma 3, we get that Op 41, (RY) and &,(RY) induce
the same topology on B and hence, B is relatively compact in Op41,(RY),
being &,(RY) a Montel Fréchet space. Therefore, B is also relatively compact
in Oc,(RY).

Finally, we recall that for any m € N the (LB)-space O™(RY) is also a
sequentially retractive Montel space and hence, complete, as shown in [3, The-
orems 1 and 2].
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