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ON SOME TOPOLOGICAL PROPERTIES OF THE V-PRIME

ELEMENTS OF A PARTIALLY ORDERED SET &

. (**)
Domenico LENZI

Sunto. DP. Drake e W.J. Thron hanno dato 4An [1] una caraittendzza
zLione degli efementi v-inrndducibili e degldi elementdi pontemente
v-lrnddue b4 d4 oun netdcolo distrnibutive (L,<). Tra L'altho «n
1] & stato provate che un elfemento ceL & irnrdiducibile se e s0lo se

(L,<) 40 pud «dentifLcare thamite un LsomorfLsmo reticolare f,
con un sottoreticolo (L', c) del neticolo delle parti P(X) di un
oppontunc Ansieme X An modo tale che f(c) ¢ La chiusura «n L' d«

un cento efemento xeX [(cdoé f£(c) & 4L pil pdccolo elemento da L',

nispedto all'inclusione insiemisiica, cud appartiene X).

Come ¢ ben noto un elfemento d4 un reficolo distributlve e V-Lard
ducibile se e s0lc se essc ¢ v-primo. Questa proprield & usafta 4An
maniena essenziale 4An [1]. In questo Lavoro nod prendiamo Lo spun-
to da tale proprietd pern dare una caratterndizzazdione degld elemenid
v-primi e degli elemeniti fortemente v-primd d4 un qualsiasdi Ansie-

me parziafmente crdinato.

(*) This is a revised version of a paper published on "Quaderni
dell'Istituto di Matematica dell'Universita di Lecce", ©.15-1979,

(**) Dipartimento di Matematica - Universita degli Studi - LECCE
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Precdisdsamo che qud, 4in anafogia con una carattersrzzazione degl4 ele
mentid v-prami e degli elementdi fortemente v-primsi da un neticolo, un
elemento ¢ di4 un Ansieme orndinato (S,<) & detto v-primo se AL sottoin
s4me D _: = {seS :c ¢ s} ¢ superdiormente diretto; anoltre c & detto

pontemente v-phimo 5e Dc =@ oppure Dc ¢ dotato di massimo. AfLLonra

nod provaamo che un elemento ceS 2 v-phame an (S,<) se ¢ 4080 b2 pos
siamo Adentigicare (S,<), thamite una biezione Lso0tcna f, con una base
di chiusd d& uno spazdio topologico, in modo tale che f(c) ¢ La chiusu

na in (£(S), c) di un elemento d« qES f(s);, Anoltrhe proviamo che 4e

C ¢ un elemento non minimoe di S allora es50 ¢ portemente v-primo 4An
(5,<) se e s0fo se per ogni bidezione £ del Zapo su menzionato £'in

sceme f(c) e £a chiusura 4n (£(8), c) d4 un punto di SgsfisJ.

INTRODUCTION. A characterization of v-irreducible elements and of
strongly v-irriducible elements of a distributive lattice (L,<) was
given by D. Drake and W.J.Thron in [T]. Among other things in [J]
1t was proven that an element cel 1s v-irreducible 1iff one can iden
tify (L,<), by means of a lattice isomorphism f, with a sublattice
(L',c) of the power set Z(X) of a suitable set X, 1in such a way that
f(c) 1s the point closure in L' of an element xeX (1i.e. f(c) 1s the
minimum element in L', with respect to the set inclusion, including

X).

As 1s well-known, ,an element of a distributive lattice 1is v-irredu
cible iff it is v-prime. This property is exploited in an essential
manner in [1]. Now then in our paper we took this property as a star
ting point for a characterization of v-prime and of strongly v-pri
me elements of a partially ordered set (shortly '"poset'"). Here, on
the analogy of a characterization of v-prime elements and of stron
gly v-prime elements of a lattice, an element c of a poset (5,<) is

said v-prime iff the subset DC = {seS : ¢ ¢ s} is v-directed (i.e.
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<t

D =@ or for every XX,

. EDC there exists tEDc such that x

1

and X, < t); moreover Cc 1S said strongly v-prime if Dc = @ or D

C
hasa maximum element.Then we prove that an element c€S is v-prime

in (5,<) 1ff we can identify (S,<), by means of an order isomorphism
f, with a base of the closed sets of a topological space in such a

way that f(c) 1s the point closure of an element of Sgsf(SJ; moreo

ver we prove that 1f ¢ is a non-minimum element of S, then it 1is

strongly v-prime 1in (S5,<) 1ff for all function f of the above type

the set f(c) is the closure in (£(S),c) of an element of U (s).

N. 1. PRELIMINARY CONSIDERATIONS.

We recall that a lattice is said a set lattice (see [1] p. 57)
1ff 1ts elements are subsets of a suitable set X and the order rela
tion 1s the set 1nclusion;in particular if the lattice is a sublat-

tice of the power sct Z(X) thenit is called a proper set lattice.

More generally we shall say that a set lattice (L',¢) is a "U-proper

set lattice" 1ffthe lattice join is equal to the set union.

We recall also that a proper set representation of a lattice (L,<)
is an ordered pair (L',c),f), where (L',c) is a proper set lattice
and f is an 1somorphism from (L,<) onto (L',c). If (L',c) is a U9pro

per set we shall call (L',c¢),f) a "U-proper set representation'.

We want to extend the previous definitions to the case of an arbi

trary partially ordered set.

In the meantime we observe that in a set lattice (L',c) the lat-

tice join 1is equal to the set union iff L'U{g} is a base for the closed

sets of a topology on YJ

LLi‘Y (1.e. the set complements in U .Y

YyeL'

of the elements of L' U{#} are a base of a topology) on g Y.

YEL
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On the analogy of this fact we shall say that a poset (S,<) 1s
a U-proper set poset 1ff 1ts elements are subsets of a suitable set
X, < is the set inclusion and S U{#} is abase for the closed sets of a
topology on X; thus we shall say that an ordered pair ((S',e¢),f),
where (S',c¢) is a U-proper set poset and f is a function, is a U-pro
per set representation of a poset (S5,<) 1ff f is an order isomor-
»hism from S onto S'. Dually we can give the notions of (\-proper

set poset and rﬁ—prmper set representation.

Now let 4 be a subset of #(S) (the power set of S), xe S and
f ° {X e 4 : x e X}. Then one can define, for every x,yeS,
(1) x < y(#) iff ¢ C %?

Clearly the defined relation is a preorder relation.

REMARK 1. T2 (4 easy Lo veridy that 44 Ye¥ and xeY, then Y L4

a point closure 04 x 4n € 44 and only L4, 4orn every vyeY, X < y (€) .

We recall that a right tail of an ordered set (S5,<) is every Y¢S
such that ¥x,yeS : (xeY and x < y) =>y e Y. In particular the set
r(x) : = {yeS|x < y} (the "principal filter' generated by xeS) is a

right tail of (§,<).

Obviously, if ¢'is the set of the principal filters of a poset

(S,<) and ¥ 1s the set of their set complements in S, then:

(j) X <y <=>y < X(%) X <Y(g').

N. 2. A CHARACTERIZATION OF V-PRIME AND STRONGLY V-PRIME ELEMENTS

Let (5,<) be a poset. Then we can consider the function g:S-#?{Sj

mapping xeS into the set g(xJ:= {yeS:x ¢ y} = S-r(x).
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REMARK 2. Cleaxfy ¢ (s an order Lscmenphdsm between (S,<) and
(g(S),c). Mereover ((g(S),c),g) 4«4 a U-propen sef nepresentation o4
(S,<). In fact the night tadls ¢4 (S,<) are the cpen sets of a Topce-
toqy ¢4 S and the princapal 4i€terns are a base 4cn them; then, by

De Merngan's properties, our assesfLon holds.

Now we can give the following

THEOREM 3. Let ¢ be an element ¢4 S and fed ¢ be non-minomum (i

(S,<). Then ¢ «s strongly v-prime 1 (S,<) £44, 4en cvern U-prepes

sef mepresentatoon ((L(S),c), i) ¢

£(S).

"-\_F""'H.
—_—
T
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s

, VLCT) (8 a peant closute i

Preo4. Let {{c) be a point closure in f(S) for cvery U-proper sct
representation ((f(S),chrf) and let us consider the U-proper set re-
presentatior of remark 2; thus the set {ve S 1 c¢c q¢v; = ¢lc) ] =
a4 point closure in ¢f(S). llence, as a conscquence of remark 1T and
(i) in N. 1, of¢) has a maximun clement, thercfore ¢ 15 a strongly

v-prime clement ol (5,<).

The scecond part of the proef is an immediate conscquence of the

c #(X),

followine considerations. Let X be a non-empty set and 7/
morcover let C be a non-minimum and v-prime clement of (,¢). Then

the set {Y ¢ : C €Y} has a maximum M. Now, f{or everv x € C-M, C

1s the minimum clement of & containing x. In fact 1f xele /Y and

C ¢ Z then x ¢ Z ¢ M. This is absurd, since x4M.

THEOREM 4. A efement ceS (s v-prime 4n (S,<) 44 a U-preper sef

representatcon (({(S),c) ¢4 (5,<) exests such fhat [(c) «5 a poant
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closure 4n f(S).

Proo4. Let ((f(S),<),f) be a U-proper set representazion ot (S,<)
such that f(c) 1is the point closure 1n f(S) of x; moreover let y,zeoS

be such that ¢ ¢ y and ¢ ¢ z. Then f(c) ¢ f(y) and f(c) ¢ f(z),

thus x ¢ f(y) and x ¢ f(z); as a consequence sincec (£ (S)U{@} is a base
of closed sets) an element teS exists such tha f(t) 2> f(y) U f(z)
and x ¢ f(t), thus f(c) ¢ f(t) and hence ¢ ¢ t but y < t and z < t.

This mecans that the subset {seS : c i s} 1s v-directed.

Conversely let ¢ be a v-prime element in (S,<) and ((f(S),c),f)
a U-proper set representation of (S,<). If f(c) is a point closure
in f(S) we have nothing to prove. If not, it is sufficlent to fix

1)
an element x ¢ SES{XSJ and adjoin it to every f(s) 1including f[c}(.

Q.E.D.

We conclude with the following

THEOREM 5. 1§ (S,<) has at Least a v-prime element, then there 44
a U-propen set nepresentation ((£(S),c),f) o4 (S,<) such that t maps

eveny v-padime element of (S,<) 4n a point closure.

Proo4. Let P be the set of all v-prime elements of (S,<),

((£(S),c),f) a U-proper set representation of (§5,<) (cfr. remark 2Z), and P, the set

1
of all the elements of P mapped 1into a point closure. If P1 = P we
have nothing to prove. Otherwise, for every p e F—P1, we can fix
(by a bijective function) an element Kp % SESF(HJ. Then we can con

sider the function f' that maps every s € S into the set f{S}UKS,

m——

(1) In theorem 5 we shall apply this method in a rigorous and more
general manner.
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where X := {x } . Clearly f' 1is an injective and isotone fun-
S p p<s
ction. Now let U be the set of all upper bounds of {51,52} c S; we
, , N ¢ _ (f
shall prove that Lell (f(u) U Xu] [f[51J U 151] U [f[sz} U KSZJ.
M ' — M M O F(v;.
Indeed 1el (f(u) U Ku) £uEU f(u)) U (ueU XUJ, moreover uEUf‘““

=F{51J U f[szj (since f(S) U {@} is a base) and M X 5 X UX :then it is suf

uel u — 51 52
ficient to prove that " X ¢ X UX . Now if x_e N , then p is an
uell u — S, S, p uel u

element of P—P1 such that p < u for every ueU. As a consequence,

since p is v-prime and U is the set of all the upper bounds of

{s.,,s,}, thenm p«< s, or p< s,, hence x € X U X . One can easily
1772 —~ — 2 P S S

1 2
verify that ((£'(S), <),l') is the requested U-proper set represen-

1

tati .
ation Q.E.D.
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