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THE METHOD OF SIGNORINI IN THE ELASTOSTATIC OF A

DIELECTRIC (%)

Carlo BORTONE - Gabriele PELLICIARDIC ™)

Summary. In this papen we propose a generalization of Signorind s
me thod which allows st application to equillibrium problems, of

non-Linear elasitic dielectrnics, with maxed boundary conditions.

1. INTRODUCTION.

F. Stoppelli [1] proved a theorem of existence and uniqueness
for the problem of finite elastostatic with traction boundary con-
ditions, when the loads do not have an axis of equilibrium. Moreover
this author proves that, upon suitable hypotheses, the solution of
the above mentioned problem is analytic, in a convenient region [2}
These analyses were extended in [3],[4] to the case of loads exi-
bhiting an axis of equilibrium. Later con, Van Buren [5] extablished
the corresponding results for the problem of non linear elastosta-
tics with position boundary conditions. It is obvious that the pre-

ceding methodology can be applied to the case of mixed boundary con
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ditions. In this last problem, an exemplification will occur, due tc
the circumstance that onc docs not need to deal with the condition of compa-
tibi1lity since the constraints act in such a way that it is always

. . 1
possible to balance the action of external forces on the whole ﬂﬂiﬂm(?

All these results lecad us to the possibility to attain an exact
formulation of Signorini's method i?],[B]. As 1t 1s well known, this
method 1s based on the hypothesis that the solution of the problems
of equilibrium can be expanded in power series, with respect to a
parameter A which depends on the nature of the problem. Formally,if
u 1s the desplacement vector with respect to a reference configura

it

tion, we shall assume the following representation for u:

L

(1.1) n = LA U ,
=1 "IN

where the displacements U~ represent the solutions of successive
boundary problems of linecar elasticity and are such that each of

them can be solved as soon as the precceding ones have been solved.

In this paper we shall deal with the possibility of generalizing
Signorini's method to the problem of elastostatics of a non linear
dielectric,; with mixed boundary conditions. In principle, no diffi-
culty should arise on extending Signorini's method to the dielectric
problem, provided that, onc proves first a local theorem of existen
ce and unilqueness of the solution, for the system of the equilibrium,
of a non linear dielectric with mixed boundary conditions. Since
such a theorem has been previously proved [9], we are assured that

the method can be applied to the dielectric. In so doing, we shall

.

( ) We refer the reader for extra details on this problems to the
work of G. Capriz & P. Podio Guidugli LE].
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first need to recall (sect. 2) the electroelastostatic system of
equations in the Laghrang4an A4oxam ETU], considering that now we are
going to make use of the Maxwell equations along with the usual ela
stostatics equations. At the present moment 1t 1s worth to make so-
me remarks about the changes, we must 1ntroduce, 1n order to apply
Signorini's method to the present problem. Clearly, in this case we
shall not need to take into account the compatibility conditions be

cause of the boundary conditions which we have set.

Moreover, the solution, which now 1s represented by the displa-
cement vector field u and the Lagrangian electric induction field
Y, 1s related (section 3) to two parameters A and u, the first

2
being connected with the mechanical actions only and the second,

with the electrical boundary conditions. So 1t appears natural to

assume for wu and £ , the following expansions

=

u = Ipom AT W™y
aP U ~ T11M
(1.2) ) oo
D= fnmr w2 .
’ ~ nm
0
Whence, whenever we shall suppose n# 0 and m= 0, we shall

be dealing with electromechanical effects, caused by mechan«cat
actions only, and when n = 0 and m # 0, we shall be in the pre
sence of electromechanical effects, produced by electrnic actions

only.

We shall see in the last section that all the terms %nm and

j@nm, in the series, are solutions in an 1iterative process of speci-

fic problems of linear electroelasticity, so that Signorini's me-

thod 1s generalized to a non-linear elastic dielectric.



98 C.Bortone-G.Pelliciardi

2. THE FUNDAMENTAL ELECTROELASTOSTATIC SYSTEM.

Let % be a dielectric continuous system. If ¢, and ¥ are re-
spectively a reference configuration and the equilibrium configura-
tion of #, the deformation that # will experilence from ¢, to
¢ , will be expressed by the set of scalar functions

1

i L .
(2.1) x = x (X7, iLo= 1,2,3

2

L : : .
where X are the Lagrangian coordinates of the point i €€ .
1

and x  represent the coordinates of X €€ .

Furthermore, we assume that the portion 8 € of o0 ¥, 1s con
strained, whereas the portion 099%¥' = 906, -9 ¢, 1is free to move,
under the action of assigned superficial traction, whose superfi-
cial density is t,. Finally, we suppose the whole boundary at a

%

sectionally constant potential ¢ .

The Maxwell equations which we need to consider at the present

physical situation are

(2.2)

[ D - ndo = 0,

S
where o 1s an arbitrary open surface of # , both contained in € |,
while s 1s an arbitrary closed surface of # . In (2.2) E is the
electric field, D the electric induction fieled and n 1s the unit

oy
exterior normal vector to the surface s.

O

Let us denote by § and Z the lagrangian fields corresponding to

E and D respectively, by means of the relations:



The method of Signorini in the elastostatic ecc... 99

g = E-
L rL El
(2.3) 4
2" = J(F H" p
k i
1 Bxi i
were Fo o= (- ) 1is the deformation gradient and J = det HFL .
X
It 1s easy to prove (2) that taking into account (2.3), equations
(2.2) become
Rot € = 0
(2.4)
Divé? = (

: . . : L
Here Rot and Div denote derivative operators with respect to X .

Equation {2.4)1 is equivalent to the other one
(2.5) ¢ = -Grad ¢ , (6 = -¢ )

where ¢ 1s the electric potential.

In order to obtain the fundamental system for the actual problemn.

we need to consider the equilibrium equation for the continuum £

(2.6) Div T, + p, b =0,
4v

.--b':t‘

where- T, 1is the Piola-Kirchhoff stress tensor, p, is the Lagran-
W

gian mass density and R is the specific force.

We suppose, moreover, that the material under consideration is

such that,its constitutive equations are of the following form:

[2J see [9].
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I
-
O

(2.7)

2 = By, 4
HiL being the gradient of displacement ui = xi - Kl, 1.¢C., HiL =
IR

A1l this considered, we are able now to set the following funda-

mental boundary problem, for the equilibrium of a dielectric #

»

which 1s described by the constitutive equations (2.7):

Div Alu d ) + o, b =0
L 1,L " ,L ¥~

Drv B(u. ; = ()
ARTIRRAINR

(2.8)
u o= 9 on 36 ]
o = o on d %
Lol = L on. 3 €,

So we have to determine a scolution u(X), ¢(X) of the above boun

daryv problem.

5. STATEMENT OF THE PROBLEM AND ITS SOLUTION.

With respect to the system (2.7), let us assume that the f{ollo-

wing decompositions existe
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b= £ A% b = Ab. +B(N)
e n=1 ""‘"n =
= ? \ 1 I 3
(3.1) E* e E-*H t*1 + . F(r)
- LY ;
b= E MO = wa G(ul,

were A and M arce characteristic parameters of the problem and
B (X)), #(N), G(u) are analytic with respect to X and ¥ and infini

- —

tesimal with them both and $n arc scctionally constant on 9%,

Moreover, let us assume that %, rapresents a natural state of

the svstem, that is

u"[ !

fI
o =
"
oo
Il
S

rh':':'
(3.2)
2= BQ0 -

e

and along with (3.2) we suppose that 1 and %ﬂﬂre analytic with

-

ﬁi Then, it follows that [I],LZJ, the solutions

%{K} and ¢[£J of the problem will be decomposable in the follo-

respect to Il and

wing double¢ infinite summations of the parameters A and wu , that

15

+ 4 (h,u); |

il
-
S’

[
u =, % ALY ou.. =AU +uu

7=0 Sij %0 M Lo 200 <

(3.3)

. L) e, ~. F () ; ,
6= [ T g A b= 200+ g +F 0L (60 = 0)



102 C.Bortone-G.Pelliciardi

Recalling the hypoteses on T, and 2 we have

T, = A(H,& = . ¢t _T...(H,&

n o 1,J=0 %1 4, A,
(3.4)

% = B(H,&) = . L . (H,&)

~ Vo, Ay 1,3=0 *@1} v
Clearly because of (3.2) E*UO = ghﬂ = E.

From (3.3) in view of (2.1) it follows that:

v oig=0 MM T
(3.5)

g~ L At oyl g

~  1,3=0 V1]

Expanding T, and &% in power series of H and & with initial

Pl

point [O,E) and 1in view of (3.2), we have

= - -J’ . .
Te = R Agyt e HoeR, ol 4
T T
P Rt Ay B
(3.6)
T
.@ = _ 4(3’ .
by BrosB + Boprgr H By - H o+
T T
g By B - B8

By substituting H,f given by (3.6), into (3.7), we obtain:
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1 "0l A u“(%1ﬂ'!gnm+&01 €5m+‘%;m)

(3.7)
© n _m .
2= n§m={] Mo B0 Rom * Roq fnm * 2o
where %10 and %01 must be identified with the elasticity and pola

rization tensors of the linear elasticity, and B is the matching

01

term of the dielectric tensor of the material.

Moreover, we have

tﬁhﬂ = polinomial function of the variables
S
S107°*Rn-10 1007 Ga-10
'ﬁ%nﬁ polinomial function of the variables
* W = « & & g
EGT’ ’Eﬂm;1’ﬁ%1’ > ~0m-1
.ﬁ%mf polinomial function of the variables
"y

o180 Xn-00"Rom-0" 100 L0170 Gn-10° fﬂ(m-”

and the same result holds for %, #
~(m” an0

, [ ]

~ T

We observe that, by setting au = 0, from (3.7) we obtain

1!

the same result that Signorini obtained for the linear elasticity.

Taking into consideration the term in A

(5.8) A0 B0 * Rort G0’
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1t 1s worth noticing that it represents the stress in the case of
linear elasticity for a dielectric, corresponding to the solutions

(%TU"§1UJ which are equilibrium solutions in the presence of mecha

nical forces only, i.e. of the type {Ag1,l% ). Analogously, 1if we

"1

consider the therm in y

(3.9) (A, -u + ﬂﬂli ﬁOT}

we find that 1t represents the stress 1n the case of linear elasti-
city for a dielectric at the presence of the equilibrium solutions
{201’,§b1j’ due to the electrical actions Dnly'(u,$1j

In the linear case, in which the superposition principle holds,
the stress and the induction vectors, at the presence of both mecha

nical (AE1, h£*1} and electrical [u$1) actions correspond to the

sum of (3.8) and (3.9 ), as the terms in A and p in (3.8) and (3.9)

indicate.

The quantities in A u of the type

-4
WP BiooRor £ro0 G
where 1 is a polynomial quadratic function with respect to

Yi0°%01° é?a’ é%1, represent the second order interaction between

electrical and mechanical effects.

Further by substituting (3.7) into (2.7) the following system

of equations is obtained:
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—

[ w nnm o/ oo
LM DiviA. ~u +\. ~ &  +. ] + SoAa b =0
n,m=0 K (%10 “~mon <01 o v nm " n=1 “n
SN M NUB cu 4B &+ B ) =0
Iﬂ'mzﬂ K A0 agun 201 2 nm W TN
L o n m
(5.10) 2 Awooow =10 on a %]
1 n,m={ nm
w N " mo - o 3«
e S HA = L | . :
n,m=0 “ Thm T omEr I T
? }n:ﬂwi “u +A & + o In. = ; jflt on a9 ¢ "
n,m=0 A10 Anm w01 Anm v nm” ¥ p=El *n g

from which 1t follows that all the coefficients of all the powers
of A p in the (3.10) equations, must be ecqual to zero. Whence, we

obtain the following sect of boundary problems:

”Iv[%1ﬂjanm+%01' €;m+ @?m] i D*En 6On =X
Y1 . . =
D [“B-rH] ”u-111n+*113[}‘f €11n1+ ”ﬁun) U
(3.11) .
Vpm = 9 on 3 %;_
- ﬁ : d )
dnm On  'n on 6
{%IDtHnm+%U1 €£m+" ﬁ?m)‘%* - £*n 6Um on A

By sctting n=1, m=0 the foundamental elastostatic system for the

diclectric 1s obtatned with mechanical forces o

N EI and mechani-

cal boundary conditions eiven byt on S and = 0 on

.1 - *10
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3¢, . If n=0 and m=1, we have the foundamental elastostatic system

for the dielectric in the absence of mechanical forces and electri-

—_—

cal boundary conditions given by ¢ =¢1 on d9%,. Wen m = 0 and

#*

n takes on any value, we again have a system concerning the lilnear
clectroelastostatic for the dieletric but, this time, the density

forces would be modified into p, b + Divs/ , and a fLeticLous

charge densiity Div;ﬁﬁﬂ would be present; in this case the boundary

conditions for the electric field whould be ¢n0 = 0 on 3%,
By the way, it should be observed that the terms Div lH;G and

Div ﬂ%ﬂ, which depend on the variables %1D’H20""’Hh-?ﬂ’ ﬁﬂus

fiﬂ""’ qq_ﬂo, are known as soon as the previous problems of the

l]inear clastostatics have been solved by recurrence.

Of course the same kind of discussion can be carried out for the
case n=0 and m taking any value; the boundary problems we would
have in this situation would have no mechanical forces and a charge

density given by Dir;ﬁﬂm.

Finally the solution u, {f as power series of Ae.u,can be obtail
ned by solving the subsequent boundary problems which result by
setting N #0, m#0. In such problems all the preceding solutions

of the separated problems in A and u will occur.

We may conclude, then, by affirming that Signorini's method has
been in such a wav extended to the case of the elastostatic of a

dielectric.
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