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ON A THEOREM OF EXISTENCE AND UNIQUENESS FOR THE
L]
ELASTOSTATICS OF A NON LINEAR DIELECTRIC 7

Carlo BORTONE - Gabriele PELLICIARDI (2)

Summary. In this papern we shall prove a ftheorem o4 exdstence and
unigueness o4 the solution fon the equifibrium equations of a non
Cainean elastic dielectrnic, provdided that forn the connected Linean

T
problem an exisfence and undqueness theorem L5 valid { }.

To this purpose we shall apply a functicnal analysis method which
nas been previocusly used by Van Bunren [1] and Stoppell [2] fon a
non Cinear elastic system. The underneath scheme will be the conts

nuum-efastic one.

1. STATEMENT OF THE PROBLEM.

Let # be an elastic dielectric and € an equilibrium configura-

tion for 1t, under the action of given forces and electric fields.

It ¥, 1s a reference configuration, the deformation that # will

e ———
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(°®°°}) Such a theorem 1s pr‘U’E‘d in [?]-
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experience from ¢, to ¥, 1s expressed by the displacement:

g
{

Y (X) e C°C@,)
v

. . 1 :
where X + ue¥ , X e %, ; that is, 1f (u ) are the Eulerian coor-
NvooA "\

‘ L : . . ,
dinates and X the Lagrangian coordinates of any point % e¥ , the

deformation will be expressed by the scalar functions

al = yrak) e cf i,L = 1,2,3.

Let T, be the Piola-Kirchhooff tensor, &%, the Lagrangian in

Al -~ *
: : : : 1
duction vector with respect to the reference configuration, (1) z

the electric potential, p, the reference mass density, b the speci-

Pl

fic force, ¢t the specific enthalpy, €, = ¢

L the Lagrangilanelectric

, L
field.

The fundamental system of the problem for which we are searching

a theorem of existence and uniqueness 1sS:

(Div T, (u 56 )+ p, eb =0
(1.1) ( )
1Div£’ﬁ*{ul ¢ }] = 0
with the boundary conditions
fu = 0 on 3 6!
{ I,°n = ¢et, on d€" = 3 €, - 3 €,
¢ = o on 3 ¢,

{1] Concerning the quantities which appear in Maxwell's equations
we refer the reader to [61.
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where E*'is the unity exterior vector of the normal to the surface
3 ¥, u$ 1s the electric boundary potential which we assume sectio
nally constant on 3 ¥, and the real parameters e and u are supposed
to cnntrolllthe boundary conditions. Finally we shall suppose that

¢, 1s a natural configuration. Moreover, we shall use the following

thermodynamic relations:

1L 3z  iL_ 1
T, =»po, - = T, (u ,L’¢,L)
ogu
L 3 '
D, = -p, ; =@EEUI’L;¢ L)
3¢ L ’

which are estabished in [6].

Let us set

u = (u, '),

The boundary problem (1.1) (1.2) becomes:

. @ |
Div T, (u L) +p,eb=10 o

3

1,2,3,4

(1.3)

Div 2, (u” )= 0

u = {g,u$} on d¢&'

¢ 3

* = 1
<D, = et on J €

and so we are led to search for the two parameters tfamily u =
= u(X,e,u) of solutions of (1.3), provided that the corresponding

problem for the infinitesimal elasticity has one and only one dif-

ferentiable solution.

2. FUNCTLDNAL SPACES AND HYPOTHESES OF THE THEOREM..

Let &% be a normed vectorial space whose elements are fourdimen-
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sional fiedls wu(X) = (u(X), ¢(X)), where wu(X) vanishes on 0%,
and ¢(X) 1s sectionally constant on 9 %,, moreover we assume that
u is regular and having norm || u || to be later suitably chosen.

Similarly, let %' be a normed vectorial space, to be later defined

whose clements are the couples (h,g) such that:

'g=2
I

=)
HI-
<
—]
-

¢T3
1
i
< =3
*
o,
A
L=
*

+
™
o

*

1

=

+

-
<1
!

The cquations system (1.3) may be interpreted as a non linear fun-

ctional

F LS
such that
(2.1) F(u) = (h ; g )

The field u = ﬂ certainly is an element of % to which the
couple [(D*EE,O]; EL,U¢*)] corresponds; moreover %€ C1 i1s a nei-

chborhood Iﬂ Dflg and i1if the Frechet differential Dd?': K S

cvaluated at {2] 1s an 1isomorphism, by means of the theorem on the
inverse mapping, a neighborhood # of 0 will exist such that the

ot
correspondence between .4 and £(4) 1s one to one.

Therefore 1f one proves that the element [(2,0);(9,0)] eFN,

onc and only onc displacement ~u, will exist such that #(u,) =

= [(0,0);(0,0)7.

Taking iInto account the given definition for the couple (h,g) the.

displacemente -u will be the solution of (1.3), and consequently

o~
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a theorem of local existence and uniqueness of the solution of sy-

stem (1.3) will remain proved.

After all, in order to proveby means of the 1nverse mapping theo
rem, a theorem of existence and uniqueness for the solution of the

system (1.3) we need define the spaces ¢, ¢' and to prove that:

1) % as defined 1in (2.1) belongs to C1;

Z2) DD*F' 1S an 1somorphism;

3) [(0,0);(0,00] e FWM).

We shall assume that the following regularity conditions hold:

i) the dielectric # is homogeneous and the reference coontiguration

% 1s a homogeneous natural state of 4 ;

11) the region ¢, 1s bounded,;

11i) the boundary 3 ¢, 1is a L'ZZHL differentiable surface, that 1is,

: 1T 2 3
can be covered with an atlas of local coordinates (v ,v ,v ) such

_ 4 L. 1 2 . .
that the displacement X[ = X“(v) e C and has second derivatives

1,U2,v3] e ¢, 1f and

3

Holder-continuous with index X; moreover (v

only 1t v3 > 0 otherwise [vT,vz,VS} € ¢, 1f and only 1f v

. . 1 2 : )
and in this case (v ,v ) becomes a local coordinates system of 9%, ;

0

1v) the function [T_( "

_ LJ’ .gﬂ(’uu LJ] € CS is a l2-dimensional
-~ :

b

Cl

space region of the matrices ( -u L) which exhibits the property

2

o |
w2y (> 0)

¥

L0+ A .
v) b e C in ¢,

vi) the elasticities of # 1in € are such that a solution of

*
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2 . .
class C A of the problem with boundary conditions of positions in
linear elasticity, exists. When all these hypotheses are fulfilled,

the Banach space & is defined as the set of all the vectorial fields
2+ A

u(X) e C in ¥, with respect to the norm:
o o
(2.2) |lu ] = L, max |fu.L§)[ + I max | (X)] o+
Xe®, >™  Xe¥, S
o o
+
a,L,M (];2}% u” T+ By

o] . . . v :

where BLM 1s the coefficient of Hdlder of u 1M in ¢, VU3¢, .

Analogously ¥' is defined as the Banach space of all the couples
AL :
(h,g), where E e c°7" in ¥, and g e C2+A on 9 ¢, and vani-

shing on 9 ¢,, with norm

(2.3) gl = i, +ligll ,,

A O B LA

where the norms in the right side of (2.3) are defined as in (2.2).

We shall call I the open set in %, whose elements are such that

fuw® . || <y when X e @,.

» L ~

3. PROOF OF THE THEOREM.

In order to prove that & is a local diffeomorphism of class C1

in I, let us first observe that:

(3.1) A% =#(u +A H*) - F(u) = (A h;Ag) =

~

= {[Div T*("uu +A u L] + P EB, Div E’j‘![mu

m -
L0, Lol

b
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o
[{-T*('ll ,L ,

ol

D (- L

~a X

+p,eb, Div

oT

x *

7
- { [Div( a® ), Div( 0

Q o
A ’ a™u
M,L

where.ﬂ['ﬂh'uu’L\

with the norm of ~u.

i

We observe that:

a1
BEE
ax

A~

(3.2)

3T,

+4 u” L)-n*+et*),(-¢~ﬂ¢+u53]}-{EDiV T,(u” )t

)15 (T, Cu® ) en,ret,), (-ovud)] )

If we define:

,L

ru® ), (-a6)]3+0(| v

) is an higher order infinitesimal as compared

) A%,

89

I



90

qqu
. ) .
[ * 1 ML,
E 3" 2 :1'1. 11\1 - - = t l,. .
| 1 ,_H’-"- 1
? N
whoere
| ap M
- 1M1, *
R T
gu 1

is the clasticity tensor and

‘TiH

. .

- o ML .
5.2 = e o

3 J 0
, L.

is the pilezoelectric tensor;

1 [, MN
3 -
luB
1 3.2) becomes
‘ [.MN
11.M J 1 LMN
(3.3) (A — Y + B
{ oy r;{ E:
o BHI 3 X o B

Morcover we observe that:

M
£
3 . n
(3.4) ——r ( ————a u®
X J u I '

2

[

W

ML

)

st
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3

~u

NM

N
0
) A u.
M
o x
)ﬂﬂfx I ¥
3 ~u g
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M M
a@* 32 9‘# B
+ ﬂ-.“‘l,]u = “u "ﬂ"“ua +
o , LM 5 u® B‘uB , NM , L
L L N
s s ’ 2 M
o * 0 9
* a bu oy O L M o 3
¥ ¥
>t u® | axT ax R

If we set:

M
ML 2L ML, ML
(3.5)T fbﬂ = . = (Q., € )
T J
where
M

.@*
{3.5)2 R?L = 3 ;

3 “u L

Y

(3.5}3 e = 5% )

1s the piezoelectric tensor, and we use the notation:

M
2 o
EMLN 2" D *
o o 3

{3.5)d

equation (3.4) becomes:

M ‘ MLN
(3.6) (¢HL - 0 — zat P \M ~—§E—)afu“*
3X~ aX > 3X

91
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Taking into account (3.4) and (3.6), (3.1) becomes:

2 . 1
LG e {i'(ﬂ””‘ E . B;Ié,Mh ‘“BMM 3L RS
@ 3X"~ 93X T X
Z
ML ) MIN R +

(¢ — + T U p - iML  «o -

, { -———)Au|; | (- - )

o A~ aB ,NM ax]’ )hul; ﬂ.u A L “*L)’( aqu_lhm]iau,LH

We observe that the operator & is Fréchet derivable for every

u e 5 in fact thc operator

29
: n 2 : ?
V5 - {[rﬂ‘thL _ Ia, . Bllém '"“me ) E )?w:L ]a _ .,
~ & 353X * N aX X" aX
MIN @ 3 4 iML ) )
TR N )]sl A ML 3X- )51 Suﬁ}]

is bounded and it concides with the Fréchet derivative of % at the

point -~; if we calculate Dugr in u = 0, we shall obtain a system

where only the second order derivatives of 4u will appear, since

2
3 U - 0

aKL BXM

Therefore if we recall (3.2]2,[3.2)3,(3.532,(3.3]3 and denote

, + L :
by Grad u the gradient of u with respect to X , the applica-

i

tion Do#a u = (ah; ﬂE] = [(a h., hz);(ﬂ%T,ﬂgZJJ where ag,

is sectionally constant, can be written as follows:
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Div[L - Gradd u + P - Grad A b] = oh,
Div:g * GradAh E +E;GTad_i&¢ ] - ﬂhz in €.
(3.7)
Ay =0 on 3 ¢, , -h¢ = Ag, on 3 €,
-[L*CGrad ﬂE + E . Grad &¢J. N, = &%1 on 3 €"

which expresses the equilibrium mixed boundary value problem for a

linear elastic dielectric subject to a specific force -&31, surfa-

ce traction - ﬂg1, charge density ﬂhz and with potential -ihgz

(3)

sectionally constant on 3%, . Since there is a theorem on the

existence and uniqueness of the solution for (3.7), then Dﬁﬁf is an

1somorphism.

By means of the 1inverse mapping theorem, ¥ 1is a local diffeomor-

phism of class ¢! in the neighborhood of 0.

i

This means that # generates a one to one mapping between a neigh

borhood JVKQJ and the neighborhood #(4) of
F(Q) = [(p,,e b,0)5(e t ,-up)] .

Therefore if |e| is sufficiently small, [(U,U);(D,G}je:ﬁ[ﬁj and

correspondly only one poit -=u, €4 exists such that %(-u,) =

=

= EXE,U];[Q,GJ]. We may then state the following theorem for system

(1.3) with mixed boundary conditions for an elastic dielectric.

THEOREM. 14 conditions i,1i,...,1v) hold, then At L4 possible
to find twe posdtive numbers & , T sucn that forn every € > 0

fon.which € < & system (1.3) exhibits one and only one soclutdion

(3) Cfr. [7]
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=/ satisfinge condition ' 4, ;1 < 7.
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