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HARMONIC MAPS INTO REAL HYPERBOLIC SPRCE

S. ERDEM

Intnoduction. In [2,4,5,6,7] Calabi, Barbosa and Chern showed
that there is aone-tc-one correspondence between arbitrary pairs of
full isotropic (terminology as in [8]) harmonic maps + ¢ M—*Szm
from a Riemann surface to Euclidean sphere and full totally isotro
pic holomorphic maps f : M +ﬂ$£m1 from the surface to complex
projective space. In this paper we show, very explicity, how to con
struct a similar one-to-one correspondence wh;n SZm 1s replaced by
real hyperbolic space H2m with i1ts standard metric. We get over a
difficulty encountered by Barbosa of dealing with the zeros of cer
tain wedge product by a technique adapted from [B]‘ (The case of
indefinite complex hyperbolic and projective spaces will be consi-

dered 1n a separate paper).

The author is grateful to his thesis supervisor Dr. J.C. Wood
for his generous quidance and encouragement during the preparation
of this paper and wishes to thank the referees for suggesting va
rious improvements.

Let Q be a symmetric (€-bilinear form on En+1 given by

(*) University of Leeds, LS2 9JT, England.
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k21 XYk T T
where x = (x,, X HT), Yy = vy, Y ot) € ™', set
«}fn = {K = [}":-1? ;xn,rj € Rn+1 QEXJXJ - T 1}

#" is called the hyperbolic space form or shortly hyperbolic

. n + ..
space. We give ¥ the metric Q by restricting Q to each tangent

. : 1
space at X e#" i.e. the linear subspace {y € R Q(y,x)= 0}.

n . . : . . :
H with its standard metric Q is a real analytic complete Rieman-
nian manifold of curvature -1. It has two disjoint connected compo-

nets namely

TU {[11,...,xn,rjeﬁfn:r>0} and Hg ={ (x

, .,xn,r)eﬁﬁn:r < 0}

ERE

We shall only deal with one component H H

Now let M be a Riemann surface (not necessarily compact) and

: . : 1
6 : M ~» H" be a smooth map. Write ¢ = jo¢ where j : H' > R

is the inclusion map and N = n+1.

Say that the map ¢ : M =~ H' is full if the image of ¢ lies 1in no

N : .
hyperplane of R'. Let z be a local complex coordinate on M. Write

3 = 9/3z 3 = 9/3z. Say that the smooth map ¢ : M - H' s Q-1so0-

tropic 1if Q[8k¢,8r¢) = 0 for every r+k>0. (This 1s equivalent to

o : : : : -1..C.n
the condition that for the covariant derivative D in ¢ T H

Q(Dk¢,Dr¢} = 0). It 1s easy to see that if ¢ : M - B is full,
Q-isotropic harmonic map then n 1is even (cf [4]). So we write

2m and hence N = 2Z2m+1.

I
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Deginition: Say that a smooth map F : M~ Esz is totally Q-iso
tropic if for any local 1lift £ of f , Q(akg,akg} =0, 0 <k < (m-1),
Equivalently Q(aks,arg) =0, 0 < r+k < Zm-1.

Note the different ranges of k,r make this a very different

lconcept to Q-isotropy.

Let 4 -1 be the (m~1]th associated curve of 4§ (see for

example [8]) given by span {E,...Bmﬁii} at points where E,...Bm-]i

are linearly independent. Here & is a local 1ift of §

We now state our main result:

THEOREM : Thene 44 a one-one correspondence between the set o0f

all full Q-isotrhopic harmondic maps ¢ : M —+ H2m and the set of all

full totally Q-isotropic holLomorphic maps 4 : M » Esz such that Q
(5 posditive deginite on ZLhe f m_1(p} for everny peM. The cornrespon

dence given by ¢ + § such that

§ M5 ™ dNH~o > Vw0 % gp”
where F = OA...AD BAIBA. .. hﬁm-1¢ and * A4 the stan opernaton.
(The stan operaton » : ﬂZmiN > EN L4 gdven by
N N _ .
kE1 MkCied 50 T kEr Mk Sk
'whenre € 50,8y ARC onthonormal basis gon EN with respeet to the

standand Henmitian form < > on EN and Sk c {1,...,N} contains all

but k.)

We prove this in two stages: we construct holomorphic MAP {from
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the hanmonicione Ain section 1 and harmondic map from the holomorphdic

one Am section 2.

Section 1:

(1.1) Let ¢ : M - HZm be a full Q-isotropic harmonic map. Set F =

Fu :J¢ﬂ_..ﬂam¢h §¢ﬂ...ﬂ§m-}¢ and ~*F = * o F where 9 = 3/3z ,

9 = 39/3z and U c M 1is a local coordinate set. By fullness *F 1is

non-zero on an open dense subset of M, see forexample 18].

CLaim: 3(*F) = A(*F) at points where *F # 0 for some smooth

function A : U -+ (€

1

-m-1

m-1 BAOA. .. AD ¢ by the fact

Proo. We have OF = OA...Ad " ' ®A3
that ¢ 1s harmonic if and only 1if 39% = ud® for some smooth fun-

m-1

ction u : U » R, see for example [1]. So 3F = ®A...A3 oA
m k = ~m-1 :
ikgT Ay 3 )N .. Ad ¢ = AmF at some points where F # 0 by the
Q-isotropy of ¢ where lk . U » € is smooth. Thus 3 (*F) = im[*ﬂ.
Zm+1 2m . .
Now let 11 : C ~0 > CP be the natural projection. Set f =

i

= 11 o(*F) then fu is defined on U~Q where 9={ZEU:Fu(z)# 0%

LEMMA 1.2: f = fu {5 holomorphic on UXNQ.

Proof. Consider  9f/3z = (311/d #F) (5xF/9z) + (3N/3+F)@®*F/3z).
We see that all/3(+«F) = 0 since I is holomorphic @ndi}ﬂ/?ﬂﬂﬁaﬂﬁﬁi}
= (3N/3*F)(A*F) = 0 by the definition of 1. So 8f/3z = 0 " i.e.

f 1s holomorphic.
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LEMMA 1.3: f can be extended to holfomorphic map on the whdﬁeiﬂﬁ

Procog: Observe that F(p) = Fu(p) = 0 1f and only 1f o(p) =

= (8¢ﬂ...ﬂ3m¢)(p) = 0 by the Q-isotropy of ¢. On the other hand o

ﬂm¢_1TEH2m over U. Now let V,

1]

is a smooth section of the bundle B

D,9 be the connections on Mxﬂzm+1, ¢-1TEH2m,B respectively with

V 1s a trivial connection, D induced by V and 9 induced by D.Let
v' , V" denote ?Z' ?i respectively where Z=9/93z, 7=93/93z ETEM (si-
milarly for D', D", @' , @'"). Now consider @"o= [(D"B‘l’)ﬂ..rﬂa%]+“.+

[36A...A(D"3"¢)]= [pry (7"09)A.. 370+, ..+ [B0A. . .nprQ(v"amq:-)]; 0
k - .k k-1 r |
since prQ(? 9 &) = prQ[aB ¢) = r§1 ara ¢ where a_ u-C, k=
i . -1..C 2Zm . _
= 1,...,m, prQ = projection on to suhbundle ¢ T H = with respect

to metric Q. This proves that ¢ is a holomorphic section of B. By

- m-1 .
the similar argument one can. show that p = 9%A...A3¢ -is an an-

ti-holomorphic section of ﬂm-1¢_1TEH2m. lLet peU be a zero of F.

W.l.0.g. assume the complex coordinate =z is centred on p, and that
U is so small that there are no other zeros in U. Then we have

F(z) = (®Aohp)(z) = ¢(Z}ﬂ2k01(2)ﬂirp1(23 for some integers 7T,k
and 0 7 0,01 # 0 on some neighbourhood V of p. Set © =¢ﬂa1ﬁ91
and fT = I o(*6)., Now observe that f1 = f on V~{p} and f1 is
continuous at p. Thus fT is holomorphic on V. Setting f(p) = fT(p)

gives desired result.
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LEMMA 1.4: Let fu,fv be depaned by using charnts (U,z), (V,w)

with UNV # @ respectively. Then £, = fv on UNYV,

Pnﬂﬂﬁ. Observe that .3k¢u/azk = [ak¢v/8wkj(dw/dz]k + terms in

[Br¢v/3wr) with 71 < k. Therefore we get Fu = [Fv}[dw!dz)m|dw/dz|q

where q = J+2+...+(m-1). Then the result follows.

This lemma allow us to define F : M ~> Esz globally such that

f (p) = fu[p} for some local coordinate chart (U,z).

Proposdition 1.5: f is totally Q-isotropic i.e. for a local

1ift n of $ Q(akn,aknJ-= 0; 0 < k < m-1,

Proof: We shall frequently make use of the isometry ¢ : gom o gém

defined by 6((x1,*..,x2m,r)} = (~x1,...,~x2m,r]. Set &= §°% and

v(p) = span{3dé(p) ..., 3 p(p)}. W.l.0.g. we work at points where
F # 0. Observe that ¥Ya,b e v we have Q(a,b) = 0 and therefore

to get the result it is sufficient to prove that &k*f? e v for

_k
3" 3

0 < k <m-1. For let ¢ =0A...A3 & then 3 F = (eh3¢A

A3 KT aamk s A3™) + terms in (eABoA...A3" Ken3 “on..

T

AD k¢} where {r rk} c {3,...,(2m-2)} with T <. . <T and

k
K = 1,...,(m=-1). (Convention: AAD A = A, AABAA...A3 AA...A3 A

LR

= Aﬂaﬂﬂ...ﬂarﬁ if r > m). Now consider the case where k = 0 i.e.

3°F = F = (En§¢ﬂ...n5m‘1¢). Observe that <*F,3°®> = 0; s=0,...,m.

So Q(*F,ng] = 0. On the other hand E2m+1 = v(p) ® v(ip) e C 3(p).

Therefore *F e v. If k # 0, by the same argument one gets Bk*F =
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n |
= L A ;A e v for some integer n. 50 ﬁk*F € V.

r=1 71 r

REMARK 1.6: 1) § . = span(«1',9+F,...,3" 'wF) = span {3%,..,3"%}.

- Cc..Z2m , o L . O 2m
So o + = T H . Since Q 45 posdtive definate on T 11,
m-1 m-1 ¢ ¢

we have that Q is positive definite on v o :

m-1 m-1

2) Note that # (s full by the construction ¢4 f
and {ullness of ¢.

Section 2:

: : m
In the last section we manufactured a holomorphic map o : M+¢ﬁz

. Zm . ..
from a harmonic one ¢ : M - H under certaln conditions. Now we

shall produce a harmonic map from the holomorphic one.

Let Z : M - Epzm be a full totally Q-isotropic halomorphic map

such that Q 1s positive definite on Zm_1[ﬁ) for every p € M and

n : U - EN‘uU be the local holomorphic 1ift of Z. Where U is an

open subset of M. Set

G = Gﬂ = nn...nm_Iﬂﬁﬂ...hﬁm_1 where nk = Bkn and ﬁk = ﬁk

u

n

Again we shall work on the dense open set of points where GE # 0.

LEMMA 2.1: 1) *G 44 4teal L4 m {is even, pure Amaginary 4Lf m A3
odd.
2) Q(*G,*G) < 0.

Proo4. 1) Obvious.

for 2 +Z
m

2) Choose a Q-orthonormal basis e _1 o

-‘.,E

1°? Zm
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2m
and set w = k£1Q(bJEk)ek where b = (0,...,0,1) € E2m+1 and Y=b-w.

———

One can see that *G = lﬁ: A : U > C~N0 and Q(ﬁiﬁj < Q. Therefore
Q(*G,*G) < 0.

For *G = (h h, h), set x =¥

n - _ o
EREETL " 1 a(*G/a) where a= {1 1if’

m 1is even and h > 0, —1 if m is even h< 0, 1 if m is odd and
ih > 0, -i if m is odd and ih < 0} and a= (-Q(*G,«3))2.

We see that Q(xu,xu) = -1 therefore the map Xy :Ux5'31+]R2m+1

where @, = {xeU : G(x) = 0} has image in HZm

LEMMA 2.2: X, ia-iﬁdépendant.aé the chodce of the Local Lifts

used to construect LZ%.

Proof. Let £ be another 1lift, then away from zeros of £ and n ,
£E =unwhere uy ¢ U =€ N0. Therefore gk = unk + terms 1n nr, r < k;

| & _ 2m_n £ _ .M
hence G’ = | u | G, - So we get  x° = x, -

LEMMA 2. 3: X, may be extended undquely fto a smooth map on U.

Proo4: Let G(p)

i

0 for some peU with its local 1lift n.W.l.o.g
assume that the complex coordinate z 1is centered on p, and that U
is so small that there are no other zeros in U. Set T=nh...ﬁnm_1

By the argument.uséd in Lemma 1.3, v 1s a holomorphic section of

the bundle Uthmzm+1. Therefore G(z) = zr11(z]hng1(z) where 11(0#0

(2)AT; (2). Define x (0) = a(t,(0)/ 8)

and r € 2. So G(z) = |312rT1

z

where Iz = T, A %1,andﬂ=(—Q{T2(0],TZ(D))) then Q(Xu(ﬂ],xuﬁﬂlk-t
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Pruposition 2.4: Let ', U -+ Hzm defined as xu(p3= EjaFd}(PJ

where 3j : Hzmt+ R2m+1n+ E2m+1 is the inclusion map then ru 1s

a harmonic map.

Proog: Observe that <a§xu,nk> =0,0 <k <m-1 1if and only if

39X, | zo1*t Lo, if and only if 83y _ = iy where x: U -+ R

is smooth. Consider

33xu = a{33(1/a) 0 +3(1/0)36 +23(1/a)a6 + (1/a)?336} where

6 = »G and o = (—Q(B,B))i. We see that <5Bxu,nk> =0, 0< k <m-2.
. . | - m-1 k k
Thus it remains to show that <3ay ,n > = 0, where n =3 n.
But
= m-1_ = m-1 o
{Baxu,n > = ad {(1/a) <36,n >... 1 and

<aﬁ,nm- > = *((—1)m-1nﬂ...hn Anh ...An Y e € ... 2°.

On the other hand n" e span{ﬁu,z since Q(nmj;) - 0 for every

m- 1

Y € Em—l by totally Q-isotropy of Z and positive definiteness of Q

on Em—1 for all peM. So we have

m e m--..- O
2 my-Q{xu,n h‘u'” (3°)
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for some vy e Zm_]. By replacing nm with 3° 1n 2° we get
<39,n" > = (-1)fmt] Q(Eu,nm}&{ﬂﬂ...ﬂnm_] AnA ... Aﬁm'1ﬂ§u31 -
QX ,n') <6,¥ > = - Q(X_,naQ(6,0)/a ... 4°
u u u
By substituting 4° 1n 1° we get
{ﬁaxu,nm_1> = azﬁQ(fu,nm) ee. 5°
But we have by 3° that Q(nm,nm} - Q[E',nmjz and so

3Q(n",n") = 3Q(x,>,n )" = 0 by the

holomorphicity of n . tThat 1s to say, <3§xu,n > = 0. Hence the

result follows.

LEMMA 2.5: Let X, (nespectively xv) be defined by using charts

Il

(U,z) (respectively [V,wj with UMV # @ then Y y on UNYV,

u vV

Proo4. Let nu’ﬂv be the local 1ifts expressed by using charts

r

(U,z), (V,w) respectively. Then HE = ﬂi(dz/dw)k + terms 1in n,

with r < k. So G = Gu]dz/dwlq where q = 1+2+...+(m-1), hence
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x =x_ on UMNV.

This Lemma allows us to define x on M globally by x(p) = X, (D)

for some neighbourhood U of p. Hence T : M -+ HZm given by x=jor

-

is defined on the whole of M and harmonic, where J : HZm > Rh 18

the inclusion map.

REMARK 2.6: 1) T s Q-{so0tropic i.e. Q(aﬁx,akx}=u forn all s+k>0.

This can be shown by using a similar argument to that used in pro-

position (1.5).

2y T is full. This follows from the fact that Z 1is
full.

Now let &£ be the set of all full totally Q-1sotropic holomorphic

maps Z : M ~» Esz such that Q is positive definite on Zm_](p) for

all peM and T be the set of all full Q-isctropic harmonic maps

¢ : M~ H". Then consider the transformation v : & > ¢ and g:t »H

where v(¢) = § and g(Z) = T are obtained by the processes de-

scribed in section (1) and (2) respectively.

THEOREM 2.7: The transformations v and g defined above are Lnvehr

se and thus gdve a 1 : 1 correspondence between A and T

Proo4: All we need to prove is that: a°) g 1s a left inverse of

v, hence g 1s surjective. b°) g is injective.

a®) Let # = v(¢) with its local 1i1ft n = *N where N =

5“’[-1

= oM. .. AdTOABOA. . . A . We see that, as in the proof of proposition
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(1.5), ¢ | nk , 0°< k < m-1. But ¥ l*nk if g(4) = TI'. So x]||®. By

———

the fact that Q(¢,¢) =-Q(x,x) and their last component have the

same sign, we get ¢ = T.
!
b°) Suppose that f, et with g(#) = g(5) = T.

Let n,& be local holomorphic 1lifts of $,Z respectively. Choose

a 1ift on an open set U c¢c M such that, at all points of U,

(111

a(p]ﬂ...pgm_T(p) # 0. g(f) = g(2£) implies that n is in the Em—1+nrﬂ

S0
m=1 K m-1 X

n= Ly o E 4 I B & .. T

m m-1 R

By the fact that dn = 0, & = ( g My Ek) + Q[Em;ﬁjx and

E,vo., & ,E,....,E Y are linearly independent we get

- )

o0, = 0 for 0 < k < m-1

BBG ) “an—I =0

0By + By 4 T B, =0 for 1< k <m-1 ¢ ... 2
_m o~

Bm_1Q{E :K] - 0* J

As 1t 1s shown 1n proposition (2.4}, Q(Em,fj 1s holomorphic so it has

only isolated zeros. [Q(ém,f) cannot be identically zero by the

fullness of =]. So we have
R =0 ... 3°.

Equations 2° and 3° give us BD = ... = B = 0.
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|| - Z I:'.Ir g & @ 4
D '

But Q(3n,9n) = ui_1Q[£m,£ ) = 0. This i1mplies that o g C 0. So

equation 4° becomes n = E ukgk. Repeating this process we get

o = ... =qa_ . =0 1< j<m-1. Therefore n = a &. This proves
m-1 m- ] - O

f= = thus g 1s injective. This completes the proof.

A special case:

Note that if m = 1,{H2m,Q} may be regarded as a Hermitian manifold

. : 2
of complex dimension one. Let ® : M » H be a smooth map from a
connected Riemann surface M. Then we may decompose the C-linear

extension

¢ M x co” TS - co 1Y

. -1...2 . .
of the connection D on ©® TH into connections:

| -1 P - .2 p° - it _
D' ce THY) > TM x ceo” ' 1HY) B e TS - o TS

_ N c _ I _
v - e T HS R M ox co” HY) 2 con 'ty > coo 't

where p(o) = (3/3z,0),u(0) = (3/3z,0) and T is the projection
along 9 T, Here o e C(@ 'TSH?).
. . 2 3 35 . . .
Now set ¢ = j o @ where j : H - R = ( is the 1nclusion

~ : L. | -1 2 .
map. Let Q be the assoclated Hermitlan form on ¢ T H , l.e.
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~ 1

Q(K,L) = Q'(K,E) for K,L € C(@ TCHZ} where Q' 1is induced from the

metric Q on TEHZ. Write D'@ = M(3¢), D" = II(90).

De4inition: [8]. The map @ said to be complex Q-isotropic if
~ N r
QD" @, @) = 0 for k,r > 1.

Now we have

(2.8) The following statements are equivalent

a) @ is Q-isotropic

b) @ is complex Q-isotropic

c) @ is + holomorphic and therefore harmonic.

Proo4. Assume (a), one can show that

035, 5%0)

zﬁtnfk@,n"kmj =0 for all k > 1...... (1°)

by the Q-isotropy of @. So it easily follows from (1°) that

J(0'"p,0"'@) = 0 for all k,r > 1, hence (b) holds.
Assume (b). We first show

Q(Bk¢, $ = 0 for all k > 1 ...... (2°).

To do this, we use 1induction on k. Note that Q(39¢,¢) = 0, so sup-

pose now that it 1s true for 1 < k < B for some 8 > 1 then

C k

(D )9

k
3 /92 o & . On the other hand

H

+ 1

0 = 2Q(3%0,0) = 3 e, 0) + Q2Po.50) ..., (3°).
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But Q(3°¢,28) = J0'Pp,p"0) + Q0"®@.p'@) = 0 by (b).

Therefore using (3°) we see that Q(BB+1¢,¢) = 0, so (2°) follows.

Thus Bk¢ = (DC )k @ for all k > 1. By complex

3/93z = Q
this implies Q-isotropy of @. Hence (a) holds.

~isotropy of 0,

To show the equivalence of (b) and (c), it is enough to show that
(b) implies (c) since (b) follows from (c) immediately. Observe that'
aID'ﬂ,D”@) = 0 by the complex Q-isotropy. So at each point of M,
either D'® = 0 or D"P = O since @_1T'H2 is of complex dimension
one. It follows that either D'@ or D"P 1is identically zero on

M since M 1s connected.

This gives (c).
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