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ON SOME SEMIGROUPS WITHOUT INCREASING ELEMENTS

Francesco CATINO - M.Gabriella MURCIANO

Sommario. In questo Lavorno 84 studia (§1) L€ Legame esistente

tha La decomposdizione di Szép e Le nelaziond d4 Green.

S{ descnive (§2) La T-decomposizione di un semigruppo diL XLpo
T-§indito. Infine (§3) a4 determinano alcundi Teoremd relativdi al se

migruppd nucleandi sinisind, genenalizzando risultati precedentd.

INTRODUCTION. In [12] J. Szép introduced a particular decomposi
tion, DL[S), of a semigroup S and used it in the study of the stru

cture of a finite semigroup.

Afterwards, F. Migliorini and J. Szép [7], B. Piochi [10], R.
Scozzafava [11] and the present authors [3] have studied classes
of also infinite semigroups by using such a decomposition. F. Mi-
gliorini and J. Szép, in [8], introduce the TI'-decomposition of S,

I'(S), which is a refinement of Szép's decomposition.

In this work we continue the study of such decompositions, 1n
particular for some semigroups, which are without left increasing

elements.

In section 1 we determine the connexion between the decomposi-
tion DL(S) and Green's relations on S and we prove that a sufficient

condition for every component Si of the decomposition DL(S}
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(1=0,2,4,5) to be a4 union of Y-classes 1s for the semigroup S to
*

: : : (") . L .
be without left increcasing clements . This condition 1s neces-

£ Q.

sary 1{ S is rcegular or if 55

In scction 2 we determine the TI'-decomposition of the semigroups
of T-finite type and prove that the groupbound semigroups belong
to this class.

In [5} once defines the condition PR and PI, and proves that a

semigroup s e.b. if and only if satisfics P! ~ ["H, and that every

left separative semigroup that satisfices P is a disjoint union of

R
aroups. We prove also that cvery left sceparative semigroup S that

satifies PR 1s an orthogroup with E(S) left regular band.

In section 3, we note that every left kernel semigroup i1s without
left increasing celements, as for semigroups of T-finite type, and
we extend a theorem of Szép, on the cxistence of at most a maximal
lelft kernel subsemigroup in a finite scmigroup, to the casc of
infinite semigroup. Morecover, for an arbitrary semigroup, weC prove
the existence of at most a maximal left kernel subsemigroup gcence-

rated by g.b. eclcements.
We assume the reader to be familiar with the standard notation

of semigroup theory.

We would Tike to express our gratitudine to professor F. Miglio

rini tor his uscful hints in the preparation of this work.

(*) An element a of S is called (¢4t [quhf] {ncreasing if Jrcs

3' aT = S .Ta = S,
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1. - Let S be a semigroup without annihilators different from

zero. Recall the disjoint decomposition of S introduced by Szép in

[12]:

D (S) = {5,,5,,5,,5,,5,,5]
DR (8) = {Dy,D,,D,,D ,D,,D]
where
Sy = {aeS/ aSc S ~ JxeS, x#0 2" ax=0}
S, = {aeS/ aS =8 ~ ]yeS, y#0 3" ay=0}
S, = {aES-~(SOUS1)/‘ aS ¢ S ﬂ_:|x1,xzeS, x,#x, ? ax, =ax,]
. {'aes-(sou S,)/ a8=S ~ 1y ,y,eS, y, Ay, 3 ay =ay,}
54 = {aeS—(SDLJSIU SéLJS3)/ aS ¢ S}
35 = {aeS—[SULJSTLJSZLJSS)/ aS=S}

and where Di (1=0,1,...,5) is defined in a similar manner, and mul

tiplication by the element a is on the right rather than on the

left. The subsets Si and Di (1=0,...,5), if not empty, are subse-

migroups of S.
Recall, furthermore, ¢he decomposition T'(S) = {Cij}i i where

Cij = Sfﬁ Dj (i,j=0,...,5) which was introduced by F. Migliorini

and J. Szép in [8]. The subsets C.., if they are not empty, are

1)
subsemigroups of S.

Connexions between these decompositions and those derived from
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Green's relations ¥, % ,X have been studied in the works of B.Pio
chi [10] and F. Migliorini [6] for some types of semigroups. The fol
lowing theorem extends those connexions to the case of any semi-

groups.

THEOREM 1.1, Let S be a semigroup and Let aeS, then:

U U
aes US, => L c S Us [aEDDU D, => R_c D UD,]

kg

1S = u -
aeS, YS, => L s5,Us, laeD_ UD. = R QDZUDB]

a z 2 3 a

, U U S
aeS, US .= L_c S, Us_ [aeD, UD. = R_

1)

D4UD5]

Proo4. Let aESOUS1 and let bELa, then there exists an xeS' such

that b=xa and there exists a yeS, y#0, such that ay=0 and hence

by=xay=x0=0, therefore bESOIJS1. Let aESZUS3 and hELa’ then there

ex1st~ an KES1 such that b=xa and y1,y2ES, F1#Y2 such that uy1:ay

2
so that byT = Xay, =xay, = byg.
- ' LNC¢ ] : Uus..
Moreover b ¢ SOLJ51, since, Dtherwlse, Lb C SULJS1 hence aE?DEH
Thus bESZU 53. [f aeSd USS’ then La c 54{J55.

Indeed, if b e L_M(S-(S, US.)), then L_ ¢ $-(S, US.) and hence

aES—[SdU Sc), against the assumption that aeSleSS.

Similarly for the #-classes.
It is, in general, not true that aeS.[D.] implies L ¢ s. R c:D;
11 a — 1-a-—

(i=0,...,5); indeed, 1f S 1is a regular semigroup and aeS_ and xeV(a),

3

then KHELH, but xaé83 because xa 1s an idempotent element of S.
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However the following theorems hold:
THEOREM 1.2. 14 S 4is a semighoup, then:

S, =S, =@ =>VaeS, : L cS., i=0,2,4,5.

Proo4. The implication for 1 = 0,2 1s an obvious consequence of

Theorem 1.1. If aeS_ and beLa, then there exists yES1 such that

5
a=yb.

Lt us assume, ab absunrde, that bESa, and then

S = aS = ybS ¢ y5:

therefore yeS so that a = yb e SSS c S which contradicts the

4 = 24

assumption. It follows from Thcorem 1.1 and from what has just been

5!‘

proved that 1f aeS, then La c S

4 4

THEOREM T.3. 14 S 44 a semdighoup and 55#9, then

La ESS FaESS$S1 = 53 =

and e =_e2 e S then

Prook. Assume S G ?

US3 # @ and let aES1LJS

1 3

there exists an xeS such that ax=e. As e%xe, then erSS; thereflo-

2

re e=e :axee(S1LJ53]SS ¢ S,US, which 1s a contradiction, since

1

S1LIS,5 contains no idempotent element.

COROLLARY 1.4.14 S (s a semigroup and S #@, then:
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THEOREM 1.5.14 S 45 a negulan semigroup, then:

S, =S, = @ <> VaeS. : L ¢ S., 1=0,2,4,5
1 3 1 a— 1

Proo4. The condition is necessary by Theorem 1.2.

bl

Let us prove that 1t 1s also sufficient.

Assume, ab absunrdo, STU 33 # @ and let seS1U S, and xeV(s);

3
then sxZx. But ]{ESd (see [7], Th.1.4] and 5x¢54, against the hypo

thesis.

2. - A semagroup S,without annihilators different from zero, is

. . (*) . _ _
said to be ¢4 T-4inite type if DL{S) = {SD,SZ,SS}, DR(SJ =

{DU,DE,DS}.

J. Szép in [12], R. Scozzafava in [11], F. Migliorini and J.Szép
in {7], B. Piochi in [10], 4nd the present authors in [3] have sin
gled out several classes of semigroups of T-finite type. In the se-

quel we shall give a wide class of semigroups of T-finite type.
A semigroup S 1s said to satisfy the condition PL[PR] if for

cach xeS there exists a positive integer n such that

an _ an+l |..KHS _ xn+18 ]

for all 1eN.

P

It is proved in [5], Th. 1.1, that a semigroup fulfils Pr ~ Pp

(*) We choosed this word because the traslations of this semigroup
are of finite type, indeed they are injective if and only if

they are surjective.
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if and only 1if at lcast a power of an arbitrarv eclement of S 1s 1n

a subgroup of S.
Such a semigroup 1s called groupbeound (g.b.).

Periodic semigroups and completely regular semigroups provide
cxamples of g.b. scmigroups.

Lo

THEOREM 2.1, Evewy g.b. semdgrcup 8 ¢4 I=4cncte tupe.

Precd. let HES]LJSS. As § is a g.b. semigroup, then there exi-

. . n
sts an  cebl(S) and neN such that a E”D; therefore the completely

n . . . . i
recular clement a 18 leflft magnifyving for S against theorem 1.11 of

R — . n . -
.2, . Let 3554, ] EHU (for some c¢elitS) and neNJ. Because of theo-

- ] . n
rem 1.4 of [7), every inverse of the completely regular element

1S 1n S1U SE’ which contradicts the [irst part ol the proof.

Similary one proves that U1 = D3 = DJr = Q.

COROLLARY 2.2. Let S be a ¢.b. semighcup and €et D (S} =

[,
= o - = . ='|,:. 1r. .
{50,52,85}, DR(bJ {DD’DZ’DS} and T(S) ~[1j,1,J=D,2,5, then att
nen-empty Si’Di and Cii (1,i=0,2,5) ane g.b. semegroups.

[

Recal¢ [5] that cvewy Le4t separnative semLgroup that satisfies

PR (s a disfjedint unden o4 groups. Furthewmere, the {cellcwding theg

wem hofds.

THEOREM 2.3. A feit separative semigroup S that safoqies FR L5

an crthegacup (i.c. S (8 a cempletety wregularn semigroup, waih LE(S)

a subsemigroup), with E(S)a {e¢{t negulan band.
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Proog. Let S be a left separative semigroup that satisfies PR;

by Th. 1.2 of [5], S is completely regular.

Let a,x,yeS be such that a axa, a = aya, ay = ya, then a(xa)=

- a(ga) implies xa = ya, since S is left separative. Thus
2
yva = (ya)a = (ayla = a
2 2

2
a = axa = ax(ya ) = ax a

and, because of Th. 4 of [9], S is an orthogroup.

Let a,x,zeS be such that a = aza, then 1t follows from ax=(aza)x
that xa = zaxa, so that Saxa = Sxa and hence, by Th. 9 of [1],
E(S) is a left regular band.

Corollary 1.3 of [5] follows from Th. 2.3 and its dual.

In the following theorem we determine the TI'-decomposition of the

semigroups of T-finite type.

THEOREM 2.4. Let S be a semigroup of T-findite type; then the fol
Lowdng holds:

G (where G 44 a ghroup), CZS:CSZ:CSO .

U G where Ciy (1,30,2)

I

1) L4 1e€S, then S5 = D5

=@ and S = CUUUCDZUC2

U
Cos 0 C22

and G are unions o4 H-classes o4 S;
ii) L4 1¢S, then, 44 SS#@, one has, edithen,

a) Cop = 5¢, Loo = Ly = Cpg = Cgg = 0

and

00 02 20 22 5
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on

b) bD.UD_ = | = = C b :
} @ , CSO 55 and S LUUU (ZUU SS’

duafly, 44 D5 # @, then one has esthen

aon

U _ ] — ) U
d) S S @ CUS DS and S CDUU LUZ D5

while, L4 D S_ =0, .one has

S 5.

: _ U - :
e} S CDD CUZU LZUU sz,

in every case, C.. (1,] 0,2), S_. e D are undons of H-classes

1] 5 5
04 S.

Prood.

If 1 € S, by Theorem 1.2 and because of (1.xiv) of (8], C..=0,

A

C52 = CSU = CDS = @ and S5 = D5 = G, where G is a group; moreover,

by Theorem 1.1, C.. (1,j=0,2) and G are unions of #-classes of

1]
S,
If 1 & S, S5 # @ and S is without left annihillators different

from zero, then, by Theorem 1.2 of [8] and by (1.iv) of [8], D_.= 9.

5

= ) = = = ) = ﬂ = N
Therefore CSD LUS C25 CSS @. Moreover L52 85 D2 SS’

indeed if z e SS—DZ exists, it belongs to DU [SzDDU DZ}. Thus

there exists y # 0 such that yz = 0. Now, since 85 i1s a right
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group, if z is the unit of the #-class of z, then for every se€S
one has y5=y35=yzz_15 = (0 where 2-1 1s the inverse of z in Hz

Therefore S=DU' Then there follows C50 = 55 # @, 1.e. a contradi-

ction.

If 1 ¢ S, SS # @ and S has left annihillators different from :ze

ro, and if there is an xeS, x#0 such that xS ={0} one has S=DU’

- U - 1 =
and hence S CUULJCZU CSU Moreover, since Dﬂ S, then

Cso = S5

The points c¢) and d) can be proved dually.

If 85 = D5 =@, e) 1s trivial. Furthermore, by Theorem 1.1,

Cij (1,)=0,2), 85 and D5 are, 1in every case, the union of

¥#-classes of S.

3. - A semigroup S is said to be feft keanel if sS ¢ S, for eve

ry seS. A ndght kernef semigroup 1s defined dually.

A semigroup 1s called kexrnef if 1t 1s both a left and right ker-

nel.

We recall that every left kernel semigroup 1s without lcft in-
creasing (or magnifying) elements, and therefore every component of
Szép's decomposition is union of #-classes, as for semieroups of

T-finite type.

In [12] Szép proved that every finite semigroup has at most

maximal (left, right) kernel subsemigroup.

Here we extend this result.
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A semigroup S 1is said quasi-regulan if every element of S has

some regular power.

THEOREM 3.,1.

Everny semigroup S contains at most a maximal quasdi-regulan Legit

(night] kernel subsemighoup.

Proo4. Let S be a semigroup and let F, F' be two different ma-

ximal quasi-regular left kernel subsemigroups of S.

If V 1s the semigroup generated by F and F', then

XV c V ¥xekF U F' (1)

In fact, 1f xeF U F' and xV

1}

y T F
V, then KEVILJE3U k5, where

Vi (1=1,3,5) are the components of DL(V]. Now xéVS: indeed 1if

XEVS, since XeF (analogously if xeF') and F is quasi-regular,

n € N and.liyEF' such that x = xnyxn

n

N,V . : .
Now yx £ x ; but, if e is the unity of the #-class of xn

¥

e L’ xn, and therefore yxﬂifve.By Theorem 1.1 EEUS and since

n o, . T n
yX is idempotent, vyx € US, and then vyx e = e.

n n C. . ,
Moreover yX = yX , and therefore eeF, but this 1s impossible,

otherwise eF = F.

Moreover K¢V1U US' In fact if xeV_ UV since ]HEN and {yeF

] 3’

3 x = xnyxn, then xnyS = x'S = S and hence xny € US’ which

contradicts what was sald above.

Now if a 1s an element of V, it follows from (1) that aV ¢ V
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YaeV, 1.e. V 1s a left kernel subsemigroup of S, which contradicts

the maximality of F.

THEOREM 3. 2.

14 S 44 a semighoup generated by g.b. elements, then

Proof. Assume that there exists a left increasing element a of

a semigroup generated by g.b. elements. If a=a ...a, where a.

(i = 1,...,n) are g.b. elements and 1if T ¢ S is such that aT = S,

then, since the g.b. elements are not left increasing S=aT:&rq.aﬁrc

c S, a contradiction.

Moreover, 1f a is a g.b. element of 84, then jneN  such that

n . . n
a &€ He’ where e 1is an idempotent of S. Thus a Ze, and therefore,

by Theorem 1.2, eeS,, a contradiction. So S, = @, because SOUSEUSS

is a subsemigroup of S.

THEOREM 3.3.

Everny semagroup S contains at most a maximal Legt heanel subse-

mighoup, generafed by g.b. elfements.

Proof. Let F and F' be two different maximal left kernel subsemi

groups of a semigroup S which are generated by g.b. elements.

[f V denote the semigroup generated by F and F', then aV ¢ V,
YVa € FUF' (1). In fact, if aeF[F'], by Theorem 3.2, Jy e F c V,
y # 0 3" ay = 0 m_]y1,y2 e FcV, FT 5 y2 =) ay1= ayz, and there

fore ae UUU V?, Thus, 1t follows from (1) that V is a left kernel,
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against the maximality of F[F'].
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