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The repeated measures ANOVA is being used in the study of longitudinal
data. In its standard form, the method requires full data. In practice, this
is not always possible. In this paper, we consider an approach, in which the
missing data are neither ignored nor are imputed. The incomplete data result
in biased estimations of the time mean. This bias consists of the individual
and the group components which are constructed using sequences of the
regular stochastic matrices. The group adjustment is necessary in cases of
the different proportion of missing values in compared groups.
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1 Introduction

A major problem in the analysis of clinical trials using a repeated measures ANOVA
(Fitzmaurice G., Davidian M., Verbeke G., Molenberghs G., 2008) is missing data caused
by the patients’ dropping out of the study before completion. For example, a randomized
placebo-controlled trial was performed to test the efficacy of oral naltrexone (NL) with or
without fluoxetine (FR) for preventing relapse to heroin addiction (Krupitsky E., Zvartau
E., Verbitskaya E., Alexeyeva N. at al., 2012). Some patients received placebo (PL)
instead of the drugs. Therefore, four groups were compared: the full drug (NL+FR),
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the only naltrexone (NL+PL), the only fluoxetine (PL+FR) and the placebo-placebo
(PL+PL). The full data were available for only 10% of the year-round monitored patients.
Usually, cases with incomplete data are excluded from analysis or the missing values are
imputed in some way (Rubin D. B., 1976), (Hedden S.L., Woolson R.F., Carter R.E.
et al., 2009). Thus in (Myers W.R., 2000) five strategies of missing data handling are
discussed, whereby it is stated that the nonignorable missing-data model is not trivial.
This problem is however partly solved in (Alexeyeva N., 2013), (Ufliand A., Alexeyeva
N., 2014) based on the ergodicity of cross-mean sequences in cases of the same frequency
of missing data appearance across compared groups. The ergodic method for individual
corrections of the time mean is applied to data analysis in clinical cardiology (Alexeyeva
N.P., Tatarinova A.A., Bondarenko B.B. et al., 2011). The present paper is intended
to generalize the above-mentioned result to the case of non-uniformity of missing values
across the groups and to simplify the covariance matrix of errors.

2 The repeated measures analysis of variance and missing
data

Consider the classical model of repeated measures analysis (Afifi A., Azen S., 1972) of
variance (ANOVA)

Tijt = u+ai+e}j + B + it + €ijt, (1)

where z;;; is the data of the jth individual from the ith group at the time moment
t, p is the general mean, «; is the group effect, 5; is the time effect, v, is the group
and the time interaction effect, ellj ~ N(0,0%) is the error, caused by the individuals
variety and e;jr ~ N(0,02) is the general model error. All errors are assumed to be
independent. Let the number of groups be equal to I, the number of individuals in the
group is equal to v; and the number of time points is equal 1. Let M;; be the set of

individuals from group 4, who have complete data at the time ¢; and let m;; denote its
T I T

cardinality, > mi = ms., > miy = my, » my. =m... Let N;; be the set of time points
=1 i=1 t=1

of the individual number j from group ¢ and we call n;; its cardinality. In order to obtain

the unique solutions of the systems of linear equations by means of LSM (Least Square

Method) for parameters estimation (Scheffe H., 1999), the partial plan was considered:

I T I T
;M. Brm. VitMit Vit Mt
doE=0, Y =0, Yy SE =0, ) =0 (2)
m.. —1 m.. i1 m.. —1 m..

=1

In order to estimate parameters, the model (2) was divided into two parts: z;;; =
2ij + Yijt, where Ez;; = pu+ oy, Eyije = Bt + 7v5¢- When the data are complete, z;; is just
the time mean x;;.. In case of missing data, the time mean becomes

1
Tij. = E Tigjt,

Y teNy;
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and the mathematical expectation Ez;; is not equal to p + «;. To solve this problem,
we propose to introduce two corrections: group and individual. Denote

I
1
g E e = — g mgtQy,
m.y <
=1

. i=1 JEMzt

(3)
sums depending on points t = 1,...,7T and groups ¢ = 1,...,1. Then consider expres-
sions through the parameters of different types of averages:
e the time mean
1
Tij. = —— Z pt it e+ Be i+ eije) = pr ot Z (Be+ie) +eij +eij.
Zj tEN; K teEN;;

— 1 .
where €ij. = TTLJ Z €ijt 5
teN;;

e the space mean x.,
XT.t = Z Z N +a; + 61] + Bt + Yit + e’tjt)

m.
ti=1 jeM;,

_M+7.Zmltaz+ﬁt+7.zmzt’ht+e t+7z Z

" i=1 jeM;,;

a(t) =0 el (t)

e the space mean in ith group ;..

T
1
: Z Z (M—Fai-i-eilj-i-,@t-l-%t-i-eijt):

Z;.. =
mi.
Y ot=1 jeMy
1 1
= U+ o; + E mitYit +€;. + €.,
mi.
B-(3) =0
T T
1 1
where e = E E e E ni;e U, €. = E g €ijt ;
my. meg. )
t=1 jEM;; T j=1 t=1 jeM;;

e the general mean

1 1
1 1
= Elmza?z:mglmz( pt i+ B.(0) +ep e =
1= 1=

—u+fzmzaz+fzmz +e +e..

=0 =0
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2.1 Group correction

Consider the model parameters as vectors a = (ay,...,ar)’, b = (B,..., 807, g =
(vits---»vir)t, i =1,2,...,I. Denote differences between the means
L= -z .. cp—z.), K=(@.—z. . ,z5.—z.)", (4)

where the differences between the means are given by
Ti — 2. = ; + (i) + el +e. —el —e., (5)

Tq—x. =alt)+ B +el(t)+er—el —e.,

and the stochastic matrices M and N

mi1 mir mi1 mr1
mi. Tt mi. m.q Tt m.q
M =M = S , N=N = U . (6)
mr1 mir mir mir
mr. T mry. m.7 e m.T

Denote Py = M N the product of these two matrices M and N, and F§® its stationary
matrix
Py° = lim Py. (7)
n—oo

We assume that the matrix Py is regular. One can see that rows of the matrix Fj° look
like the left eigenvector AT of matrix Py, where

mi mry T
A= (M)

Define the vector of the group corrections as

G = i P{ML — PK). (8)
=0

Proposition 1. The mathematical expectations of the introduced vectors are given by
EL=b+ Na, EK =a+ Mb, EG=Mb>.
Proof. Using the expressions (3),(4) and (5), we get

Ex..=pu, BExie=p+a;~+ B+ Vi,
T

T
1 1

g myEx;s = p+ o, + E Mt By,
mi- 43 mi- 33

T
1

E(z;. —x..) = 0; + oo Z mit Bt
Y=l
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which results in EK = a + Mb. Analogically we get

I I
1 1
= — B = — e ,
- ;:1 mylEa;. = p+ - ;:1 i + B

]E(%l t — .. Z mirey; + /Bt’
which results in EL = b+ Na. Substitute values EL and EK in EG,
0 .
EG =Y EP{(ML - RyK) = MEL — REK + PyMEL — PJEK + ... =
i=0
= M(b+ Na) — Py(a+ Mb) + PoM (b + Na) — Pé(a+ Mb) + ... — PSCMb =
= Mb— Py°Mb = Mb, since according to (3)

Z Mt B } )

i=1

Mb_{ﬁ( 11_{

I

I T T
COMb =) mif(i) =) Y Bi=7) mif=0.
i=1 t=1 t=1

—1 =1

Proposition 2. Let L and K be differences between the means (4), matrices M, N are

defined in (6),

Q=0-P+PF°)", A=P +Qy—1, B=QoM,

where Py is defined in (7), 1 is the identity matriz. Then the vector of group corrections

0 .
G=)> Pj(ML—- RK) is given by G = —AK + BL, and A = QoPy = BN .
=0

Proof. In the series G from (8) we add and subtract K and then regroup elements:
G = (ML — PyK)+ Py(ML — PyK) 4+ P}(ML — PK) ... =
=K — (K —-ML)— Py(K — ML) — P¥(K — ML) — ...+ PS°K =
=(I-P)K —(I+Py+Pi+...)(K—ML).
Remark that P5°(K — ML) = 0, because

1 J
—_ Z m. (2. —
m-i4

T

I
o Zmnxﬁ—x ) =z. —mLZZmztxt_O
T .

=1 t=1
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Using this fact and (9) in the following expression

o0 o0
Y P(K—ML)=) (R — P& (K — ML) = (I Py + P°) (K — ML),
k=0 k=0

we get

G=(1-P°)K+Qy(ML—-K)=—-AK + BL.
Expression QgPy = A is also valid, since
Qo A= (I- P+ P) (P + Qo 1) =
=P34+ Qo —1—R(Fy° + Qo —1) + Pg°(F° + Qo — 1)) =
=P+ Qo—1-F® — PQo+ F5° + P+ PyoQo — By =
=Qo—I1+P —PRQ+FK°Q=-1+A+QI-P+F")=F.

Therefore, A = QoPy = QoM N = BN.

Proposition 3. Let A = {au}i{L:l and B = {by}/_, L., be matrices from (9),

t=1 L
7D bit
Fl(La]a ) - ]
L teN Ty M
. ai, . by
FQ(La tv Z) = + .
m,. m.¢

Then a random component of i-group corrections €; = G; — EG; does not depend on

individual errors el and is given by

Z Z Mgy ( ::1: ) erts (10)

k=1t=1

(]

and has the following properties:

b. .
Egiebjt = U2I[L:z'] <Tr:t — TC;L“ > 3 Eeiek = UQFo(’i,k),
-t L

Ee,.c; = 0%Fy (1, §,1), Ee,.te; = 02 Fy(1,t,1) .
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Proof. Let us find a random component of vector G using an expression G = —AK +
BL =—-AK+QoML from Proposition 2. Denote the random components of vectors M L
and AK by E=ML—-EML and J = AK —EAK with elements F; and J; respectively,
i=1,...,1,and c = el +e... According to (4) and (6) we can get ith element of vector

M L, wherefrom element Fj:

T
my; m
:Z l,t(”'t_w Z la(t) + B+ et (t) + e — el —e..

3

) m;
t=1 """ t=1 “

T
Ei = Z Zit (61

t=1

t) + 6.At) —C.

Changing the order of summation, we get

T I v

) )

Ei—i-C_Zmlt Z Z Bk]+€kgt :ZZ(ellcj+ekjt) Z m

t=1 b =1 jeMy, k=1 j=1 tE Ny,

Since the matrix Qg = {q“}f ,—1 is stochastic, then the ith random-component of vector

QoML is given by

QOMLZ_unE +C—unzzek1+ekﬁ Z mTZL’:; -
Ty

= k=1 j=1 tENy;

I T
_ Qi Mt
—ZZewemmmZ -
my.mg.

k=1 t=1
Also select the random component J = AK — EAK. The (AK), is given by

I 1
(AK), = Za”-(:z:.. —z.)= Zaw(ai +B.(1) + e + e —el —e.),
i=1

=1

hence, using ¢ = el + e..., we get

I
1
J, = Z%k(ek. +eg.) —
k=1
I a T I a T
vk 1 ok 1
=D D D (e ten) =3 Y mk(en + k)
k=1 t=1 je My, k=1 =1

Thus ¢, is given by

I T

€, = quE J, —szkt <mtzq“,mzt_ abks)(ek +end).

k=1 t=1
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Remark that by = Zle givmy/m,. is an element of matrix B = QoM. Then one can
get rid of the components, depending on the eilj. Since BN = A, then

] b I Ty
szk‘t (mbtt - :;:) e,1€. = Zellc- (Z L;Tkt B adc) _0.

k=1 =1 t

Covariance can be calculated directly, for example,

I T
b Q,f 2 b.r Q5
Ee.eijr = E E Mt - Eey.t€ijr =0 — .
my Mg M. M,

k=1 t=1

Proposition 4. In the case of the same proportion of complete data in groups

ms. _ mit (11)
m.. m.¢

the group correctionis not needed because G = 0, Qo =1, A= P, ¢, =0.

Proof. Firstly prove that at correct expression (11) ML =0, NK = 0. In fact

Hence G = 332, PY(ML — MNK) = 0. Further in cases if (11) correct we have N =
P, Py = MN = N = P¢°. Therefore Qo = (I-Py+P°) "' =1, A = Py+Qo—1 = P>,
B =M and

Iz by ! 11
€, = szkt <m.t - mk> Cpt = szkt <m - m) ept = 0.

2.2 Individual corrections

Consider the incidence matrix of missing data J* with v; rows and 7' columns in ith
group. Denote: the diagonal matrix A,, of dimension v; with elements %7 the diagonal
matrix A;r of dimension 7" with elements m%,t; the matrix R; = A, J ¢ and the stochastic
matrix P; = R;Ayr(JH)T with left eigenvector

(i) = <"1””> .
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The stochastic matrix P is regular when at least at one point ¢ there are complete data.
Denote U; = {zi.t )11, Vi = {4 }7-1 and describe the recurrent sequence

Ai(k) = PGk — 1), (12)

with the initial vector A4;(0) = R;U; — P;V;. Obviously, A;(k) = Pl-kAi(O). Define the
vector of individual corrections in ¢th group as

H; = i Aq(k)
k=1

Proposition 5. 1. Let (5.(i) be defined in (3) and {B.(4)}]" as the vector of dimension
v; with identical elements [3.(i), where v; is equal the number of individuals in ith group.
Then EH; = R;(b+ g;) — {B.(4)}}" is the vector with elements

= Z ﬂT+717

Tig TEN;;

i=1,2,...,v. (13)

2. Denote P> = T}Ln;o P Qi=0-PF+ Pioo)_l, C; = P4+ Qi, D; = Q;R;. Then
=I-C)Vi+ D;U;=EH; + &;, where & = {Eij};ﬁd 18 the vector with elements

Eij = e55. — Z cji€i. + Z FCir - (14)

Proof. Consider jth element of initial vector

1 1
Aij(0) = —

v TENij ZT leM;-

(Titr — z4.) -

According to model (1) we have the expressions

Tijt — /Bt + Yie + €ijt — (5 (Z,]) + 71(]) + eij~)7 where
)= — 3 B and%]—an%t
Tig tEN;; Y teN;

For short in i-group denote A; = A, H; = H,J' = J P,=P,V; =V, U;=U,v; =v,R; =
R,A;7 = Ap. Then

A(0)=RL-PK and H=)» P"RL- PK), (15)
k=0

where L = {B: + vit + €it}i—y, K = {B.(4,5) + 7.(j) + eij.}y—, with mathematical
expectations EL = b+ g, EK = R(b+ g). Hence

EH = R(b+g) — PR(b+g) + PR(b+g) — P’PR(b+g)+...= R(b+g) — P°R(b+g).



Electronic Journal of Applied Statistical Analysis 155

Considering the expression P Rb 4+ P>*Rg, we get firstly P*°Rg = 0, because for
each from v = v; elements of the vector P> Rg, according to (2), we have in ith group

Z Yit = Z miyie = 0.

l‘] tEN” teNzy

l

Other expression P> Rb is equal 0 in the case of complete data or when it is correct (11),
727%3 zﬁt 7Zmltﬁt 7thﬁt—0
Y teNy; tEN;; " tEN;;

Therefore (13) is correct. To obtain the random component of individual corrections, it
is necessary to perform the following lineal transformations

H = RL - PK + P(RL — PK) + P2(RL — PK)+...=
—K—(K—-RL)—P(K—-RL)— P*(K -RL) - P)K +... =
=K—-(I+P+P*+..)(K—-RL) - P°K =
=(I—-P®)K—-(I—-P+P®)"YK—-RL)=
=I-P*-QK+QRL=K—-CK+ DL, where
Q=(I-P4+ P!, C=P*+Q, D=QR.

So random components of individual corrections look like

Eij = €ij. — Z Cireil + Zdﬂeﬂ

If U,V is considered instead of L, K in (15) then one can get similarly H = (I-C)V+DU
which is used for calculating. O

2.3 United corrections

The following statement can be directly obtained from Proposition 5.

Proposition 6. Let A;j = e;;. —E;; —¢€; be the combined error, where €; &;; are random
components of G; and H;; from (10) and (14) respectively, matrices C; = {Cé‘l}?iz:p

D, = {d;t}]”’tzl are defined in Proposition 5. Then

vi
Aij = Z C;‘lezl 5 tezt
=1
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Proposition 7. Let J;j; denote the indicator of jth individual from ith group in time-
moment t, I 41 denote the indicator of set A, then

2 2
0 Li=in Ijj=j)] il
1. Eeij.eiljl‘ = 2. Eeij.ek.t = ijt
N5 M55t
2
o? Iji—po
3. Eejje.. = Eejpe.. = Eeje.. = Ee.e.. = — . 4. Ee;j.¢;
I;k0’2 U2I'*k m‘o'2
= = t
5. Eeij.e‘.t = [i=F] Jijt . 6. Eei.tek.. = [i=F] LT Eei..e..t = ! .
NigMm.¢ m;. m;.m.¢

Proposition 8. Denote C; = C, D; = D, Q; = Q. Let Fi(i, k) = {F1(i,-, k)}],,
Fy(i, -, k) = {Fa(q, ,k)}]’/;l be from Proposition 7. Then

1) P°Fi(i,-, k) = 0. 2) DFy(i,-, k) = CFy(i,-, k).
Proof. 1) All rows of the stochastic matrix P> are the same, so consider only one row
Vi

Nij ki bt 1 brtmit
Y = — | — =0,
S (i o ) (3 e

X . . m.¢
Jj=1 tEN;; t=1

because, according Proposition 2,

T, 1
A:BN:{Z ktmzt} .
k,i=1

t=1

2) On this basis one can see that
vi

1 i b
ORI k) = (B + Q)Fi(i k) = Q4 =% 4 & _

7 teNij 1] t

my. m.

ak‘l + QZAyl JZ { bk‘t } )
=1

On the other hand

1 S ap . b T ki b | "
ﬁDiFQ(i,~7k) :QiA,,iJZ{— —|—} —i—Qszle{ }
t=1

m;. m.¢ my;. m.¢ =1

O]

The individual correction is needed in cases when the missing data change the indi-
vidual means over time. For example, a trend is increasing but the data of individuals
have less missing data at the beginning of trial than at the end. In this case, a time
mean is less than it should be. The group correction is needed in cases when the data
of one group have less missing data than that of the other.
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Theorem 1. Let H;j and G; be the individual and the group corrections respectively,

zij = xij.—(Hij+G;) and yije = Tiji—2ij, the combined error A;j is defined in Proposition

0,
1 ~ 1

Mij kir = ?EAijekln Dijr = EEA@AM )

Then two unbiased models look like z;; = p+ o; + e}j +Aij, Vit = Br+vie e — A

besides , .
ct dt o b,
M =7 gL gt ik Yir
UM [i=H] (nzl miT) * (mk m.r '

5 ck ¢t db di cf T didb
Dij,kl F()(Z /{7 +I[z _]L i Z Z ( JLlT + I ) + gt ’

;M N,y my;
=1 7EN;, wlllkr kolTlyr —1 it

L

E(eiji — Aij)(erir — Agt) = 0% (Timk jtimr] — Mijrir — Miije + Dijra) »
E(ezlj + Aij) (e + Apr) = J%I[i:k,j:l] + 0% Dy -
Proof. On the base of Proposition 7 the necessary covariance can be constructed:
Ee;jierr = I[i:k,j:l,t:r]aza

v;
i
Mijkir = EAijerrr = Eegir < § 5, €01 — E iCit — ) =

=1

:()‘2_[._ @_% +O'2 (li_b”-
[Z_k} N M+ mi. m.r

Calculate the covariance 0215ijkl =EA;;j Ay =

123 T Vi T
i i k k
=K E 5, €ire — E djtei.t — g g Cljy Ehjr- — g di-exr —¢ck | =
=1 t=1 =1

j1=1

1% T v
i k i
E g clﬂEeu Chjp. — E i E d;-Ee; e — g c;, Bej.ep—
=1 =1 =1

J11

Jj1=1

T T T
" 4
— E t E clﬂEe,tekJ1 + E t E d; Ee;.iep.r + g d}tEei.tek—
t=1 =1 t=1

T
— Clj Esiekjl. + leE6i€k-7— + Eegier, =

j1=1 =1

) . cF ct df Vi
o ]L L ]L T 7 .
=0 | Lji=y | € Z Clj1 €k - Z Z Z . —chLFl(z,L,k;)—
(24
=1

J1=1 =1 TEN;, kT



158 Alexeyeva

R iy
[l Z Z jt l]l Z lt + Zd;tFZ(i’ta k?)—

J1=1teN;j;, t=1

Vi T
- Z CZ'IFl(k7j1ai) + Zdﬁ'FQ(kﬂ—vi) + FO(Z7k)
j1=1 =1

The expectations of different combinations are calculated directly. For example,

v; T ]O’
DI LIS SN o & v o
=1 =1 i m i Mkt

kt =1 TEN;,

On the basis of Proposition 8 one can make sure that

Vi T
—ZcﬂF1 i, k) +Z dFo(i k) = > o Fi(k,gi,i) + Y df Fa(k, i) = 0.

j1=1 r=1

2.4 Biometrical example

So in the case of uniformity of missing values across the groups we have identical results
with the group correction or without it. In the case of non-uniformity of missing values,
the group correction can change the result, but maybe not. Variation of results may
indicate specificity dropout.

For example in the clinical trials (Krupitsky E., Zvartau E., Verbitskaya E., Alexeyeva
N. at al., 2012) described in the introduction, only from 6% to 32% patients in different
groups remained until the very end of a trial. The patients from a placebo group dropped
out more often than in any other group. At the same time, patients from a full drug
group dropped out more rarely than in any other group.

One variable, which means the Beck Depression Inventory (BDI) was significantly
higher in the full drug group than in any other group and it makes no difference whether
it is calculated with the group correction or without it. It means that BDI would have
remained the same, even if more patients dropped out. I.e. dependence does not exist
between variable BDI and dropout.

Another variable Global Assessment of Functioning Scale (GAF-score) was signifi-
cantly lower in the placebo group than in any other group without the group correction
whereas once the group correction is done, the relevant difference in GAF disappears. It
means that GAF would have increased if more patients from the placebo group remained.
In fact, all the groups have the same GAF, but dependence exists between variable GAF
and dropout. Patients in the placebo group with higher GAF in the absence of real
medication dropped out more. For patients in the placebo group with lower GAF, was
more effective the psychological care.

Thus comparison of results with and without the group correction can indicate the
causes of dropout.
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3 Summary

We calculate the group and individual corrections for the time mean which allow to
balancing two biased model with off-diagonal covariance matrices errors. This makes it
possible to verify the importance of the influence of various factors on the longitudinal
data in the case of incomplete data.
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