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Abstract: We apply the two-point approach to the designing of acceptance
sampling plans based on a truncated life test for various life distributions. Two
points on the operating characteristic curve are utilized, which are associated
with the consumer’s and the producer’s risks. The quality levels are expressed by
the ratio of the true mean life to the specified life. The design parameters such as
the sample size and the acceptance number will be determined by satisfying two
risks at the specified quality levels simultaneously. Tables of design parameters
for some selected distributions are prepared according to various levels of the
consumer’s risk, test termination time and the quality levels at the producer’s
risk. The results are explained with some examples and comparisons are made
among the distributions considered.

Keywords: Truncated life test, consumer’s risk; producer’s risk, Gamma
distribution, Weibull distribution, generalized Rayleigh distribution.

1. Introduction

In order to make a decision on a submitted lot of products about whether to accept or to reject it,
a life testing and an acceptance sampling plan are needed. As Pearn and Wu [15] pointed out,
acceptance sampling plan has been one of the most practical tools in quality control. It involves
quality contracting on product orders between the manufacturers and customers. There are many
military standards and international standards such as in [17], [12] and [4] just for the attributes
sampling plans. This may demonstrate the practical use of sampling plans. Wherever a sampling
plan is used, a more efficient sampling plan is required to be developed and this is the motivation
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of our study. The efficiency of a sampling plan can be measured by the sample size required and
the operating characteristics.

In a truncated life testing, it is customary to terminate the experiment as soon as the number of
failures is recorded beyond the acceptance number or the time of experiment is reached,
whichever comes first when a given number of items (called the sample size) are put on test. To
determine an appropriate sample size in this scenario, the usual approach is to fix the acceptance
number and to select the sample size that satisfies the specified consumer’s confidence level (or
consumer’s risk) when the true mean life equals the specified life (see, for example, [2]). When
the lot is accepted, it indicates that the mean life of a product is no shorter than the specified life
at a given confidence level.

Acceptance sampling plans based on truncated life tests have been proposed by several authors
including, for example, [7] for an exponential distribution, [9] for a Weibull distribution, [11] for
a Gamma distribution, [10] for normal and lognormal distributions, [19] for a Birnbaum-
Saunders distribution, and [2] for a generalized Birnbaum-Saunders distribution. Other authors
including [13], [1] and [16] have developed acceptance sampling plans for some other
distributions, but, as [2] pointed out, there seems to be some conceptual errors in deriving their
results. For the detailed description of various life distributions one may refer to [14].

The approach adopted by the authors mentioned above is basically to use one point on the
operating characteristic (OC) curve, which is the consumer’s risk at the given quality level. The
manufacturer wants a lot rejection probability less than the producer’s risk at a higher quality
level. But, the usual approach may not always satisfy the producer’s risk. Therefore, we need to
develop a new method (called two-point approach) based on an acceptance sampling plan
satisfying the consumer’s risk at one quality level and the producer’s risk at the other quality
level simultaneously. The advantage of two-point approach is that it gives the protection to
producer and consumer by minimizing their risk simultaneously. The two-point approach has
already been used in designing acceptance sampling plans to control the nonconforming fraction
such as in [3] and in constructing variables acceptance sampling plans based on a life test such as
in [8]. However, it has not been adopted for designing attributes sampling plans based on a
truncated life test.

The proposed approach is described in Section 2 and the results for three selected underlying
distributions are reported in Section 3. We compared the results from the proposed approach
with those from the usual method in Section 4 and concluded in Section 5 with some remarks.

2. Designing by Two-point Approach

Suppose that we are using the following single acceptance sampling plan based on a truncated
life test:

1) Take a sample of size n from a lot of products and put them on test during a time ¢,.

2) Accept the lot if the number of failures during ¢, is not larger than c. Truncate the test as

soon as the number of failures observed reaches (c+1) and reject the lot.

The plan parameters to be determined in this single sampling plan are the sample size n and the
acceptance number c. The criteria to be considered when determining the plan parameters are
two things — one is to minimize the sample size and the other is to obtain desirable operating
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characteristics. The sample size required should be minimized as possible because it is related to
the test cost and time. The operating characteristics are expressed by the lot acceptance
probability as a function of lot quality. The lot acceptance probability should be lower than the
consumer’s risk at an undesirable quality level but it should be higher than (1-producer’s risk) a
desirable quality level.

Let F be the cumulative distribution function (cdf) associated with the life of a product. Let u be

the mean life and g, be the specified life of interest. Assume that the mean life can be obtained
from F. Then, the probability that a product fails before time ¢, (or unreliability at ¢,), denoted
by p, is obtained by:

p=F) )]

and the lot acceptance probability is given by:
C n i n—i
L(p)=2 S p'a-p) )

We can express the quality level of a product in terms of the ratio of its mean life to the specified
life, i.e., u/ u, . The consumer demands that the lot acceptance probability should be smaller than
the specified consumer’s risk S at a lower quality level (usually at ratio 1), whereas the

producer requires that the lot rejection probability should be smaller than the specified
producer’s risk « at a desirably high quality level. Usually, the consumer’s risk is specified by
the consumer’s confidence level P* through f=1-P*. It can be observed that many

distributions used for reliability analysis have shape and scale parameters and that each cdf
depends on its scale parameter only through the time index. In this case, the failure probability
given in (1) is obtained if the ratio of w/ u, is specified when the test time is given by ¢, = au,

with a being a positive constant. For a Weibull distribution with cdf:
F(t)=1-exp(-(t/0)") 3)

where y is the known shape parameter and o is an unknown scale parameter, the failure
probability given in (1) is reduced to:

p=1-exp(-(t,/0)") =1-exp(=ba’ (u/ u,)™") 4
where:
b=(r1/y)y) 6))

When the quality level is expressed by the ratio w/u, , the proposed two-point approach for

finding the design parameters determines the sample size and the acceptance number that satisfy
the following two inequalities:
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Liplulpu,=n)=p (6)
Lpluluy=n)=zl-a )

where 7, is the mean ratio at the consumer’s risk and r, is the mean ratio at the producer’s risk.
Let p, be the failure probability corresponding to the consumer’s risk and p, be the failure
probability corresponding to the producer’s risk. p, is an undesirable quality level that is called
as the lot tolerance reliability level (LTRL), whereas p, is a desirable quality level called the
acceptable reliability level (ARL). Then, the two inequalities given in (6) and (7) reduce to:

L(p) = 2(’:)pf(l—p1)”‘i =p ®)

n
I

L(pz)=2( )pé(l—pz)”"' zl-a )

Note that the existing method usually determines only the sample size with the fixed acceptance
number by considering the inequality given in (6) at 7, =1. For the proposed methodology
considering the Weibull case, for example, the failure probabilities for both risks are,
respectively, given by:

py =1-exp(-b(a/n)") (10)
py =1-exp(-b(a/r,)") an

The mean ratio r, is the quality level considered as high enough from the producer’s point of

view. At a given producer’s risk, a smaller ratio indicates more strict quality requirement from
the producer. So, the sample size required will decrease as this ratio increases.

3. Designing Under Some Distributions

We will apply the proposed method for determining the design parameters of an acceptance
sampling plan to three popularly used life distributions such as the Weibull, Gamma and
generalized Rayleigh models. The choice of a distribution should be based on the failure data.
Many statistical methods for fitting and estimating a life distribution are available, but these are
not the issue of this study. Each of the above three distributions has the shape and the scale
parameters and the shape parameter is assumed to be known. It is important to note that the
proposed plan is independent of scale parameter of life distribution under transformation
t, = au,. It is only based on the shape parameter of the distribution. Producers usually know the
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shape parameters of their product. If the shape parameter is unknown, then its estimate should be
used from the past experience or the failure data.

The failure probability will be derived under each distribution and the design parameters will be
determined by the proposed two-point approach. Excel sheets were used to find out the design
parameters, which are available from authors upon request.

3.1  The Weibull distribution

The Weibull distribution is commonly used in the area of reliability and life data analysis
particularly in strength and resistance of materials; see, for example, [8] and [5]. [9] proposed an
acceptance sampling plan based on truncated life tests assuming that the life of a product follows
the Weibull distribution.

The two parameters Weibull distribution with y =1 reduces to an exponential distribution,

which shows that the failure rate is constant over time. When y =3 or 4, the properties of the

Weibull distribution are similar to that of the normal distribution. If the life of parts follows the
Weibull distribution, then its mean life can be obtained by:

u=(co/y)rdly) (12)

The failure probabilities for the Weibull case at the consumer’s and the producer’s risks are
given by (10) and (11), respectively, which are obtained from (4).

Table 1 shows the sample size and the acceptance number chosen for the Weibull distributions
with y=1, 2 and 3. Four consumer’s risks of £=0.25, 0.10, 0.05, 0.01 are considered and

a =0.05 is used as the producer’s risk. Two cases of test time are considered, which are a=0.5
and 1.0. The mean ratio at the consumers risk is fixed as 7, =1 and various values of the mean

ratio at the producer’s risk ( 7, ) are considered.

For the case of the exponential distribution, the acceptance number is larger than the acceptance
number for y=2 and 3. For the former case, as the ratio approaches to ten, the acceptance

number required approaches to zero. As the shape parameter increases, the required sample size
increases when a=0.5, whereas it decreases when a=1.0.

Example 1. Suppose that a manufacturer wants to determine the design parameters of an
acceptance sampling plan to assure the quality of his product. Assume that the life of a product
follows a Weibull distribution with shape parameter of 2 but that the true mean is not known.
They would like to accept a lot of products if the true mean is greater than 1,000 hours at the
consumer’s risk of 10 percent, whereas the producer’s risk should be less than 5 percent when
the true mean is 6,000 hours. For the test time, he wants 500 hours. In this example, the
requirements say that = 0.05, 8 =0.1, , =6 and a =0.5. So, from Table 1, it is found that

n=21 and ¢ =1. It says that a sample of 21 products should be put on test during 500 hours and
the number of failures should be recorded. Accept the lot if there is one or no failures. When the
sample size is thought to be too large, the manufacturer should increase the test time instead by
taking a smaller sample size.
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Table 1. Design parameters for the Weibull distributions when 0=0.05.
B wu/u, Weibull with y=1 | Weibull with y=2 | Weibull with y=3
=7, a=0.5 a=1.0 | a=0.5 a=1.0 a=0.5 a=1.0
025 |2 37,12 24,13 28,3 11,4 31,1 7,2
3 18,5 13,6 15,1 4,1 5,1
4 12,3 7,7 1 1 16,0 2,0
S 9,2 1 1 1 1 1
6 1 1 8,0 2,0 1 1
7 1 6,2 1 1 1 1
8 6,1 1 1 1 1 1
9 1 1 1 1 1 1
10 1 4,1 1 1 1 1
0.10 |2 63,19 37,19 50,5 15,5 61,2 9,2
3 31,8 18,8 29,2 8,2 45,1 7,1
4 225 13,5 1 1 26,0 4,0
5 15,3 11,4 1 6,1 1 1
6 1 9.3 21,1 1 1 1
7 12,2 1 12,0 3,0 1 1
8 1 7,2 1 1 1 1
9 1 1 1 1 1 1
10 1 1 1 1 1 1
0.05 |2 78,23 48,24 64,6 19,6 72,2 10,2
3 37,9 21,9 34,2 10,2 54,1 8,
4 27,6 16,6 25,1 7,1 34,0 1
5 214 14,5 D 1 1 5,0
6 1 24 | 1 1 1 1
7 18,3 10,3 1 1 1 1
8 14,2 D 16,0 4,0 1 1
9 1 8,2 1 1 1 1
10 1 1 1 1 1 1
0.01 |2 113,32 68,33 93,8 27,8 115,3 16,3
3 56,13 32,13 53,3 15,3 76, 10,1
4 40,8 22,8 44,2 12,2 1 1
5 33,6 18,6 35,1 9,1 52,0 7,0
6 295 16,5 1 1 1 1
7 26,4 14,4 1 1 1 1
8 223 12,3 1 1 1 1
9 1 1 1 1 1 1
10 1 1 24,0 6,0 1 1

*The upward arrow (1) indicates that the same value of the above cell applies.

3.2 The Gamma distribution

The gamma distribution is also widely used in reliability analysis and acceptance sampling plans
based on time truncated life tests. The exponential distribution is a special case of the gamma
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distribution. The applications of the gamma distribution for skewed data can be seen in [6]. For
the integer value of the shape parameter, the gamma distribution is called the Erlang distribution.
Let y(=1) is shape parameter of the gamma distribution and ois scale parameter of the

distribution. The cdf is given as:
r-l )

F(1) =1—e‘”"2(l‘/a)f / ! (13)
=0

The mean life of the product under the gamma distribution is given by:
U=yo (14)

In the literature, [11] proposed the acceptance sampling plans assuming that the lifetime of the
product follows the gamma distribution using the single point approach.

The probability of failure of an item before the experiment time under the gamma distribution is
given by:

_ zjy y-1 ay J
/Eo ( ul p )
The probability of failure under the producer’s risk and consumer’s risk (when 7, =1) given as
respectively:
r-l )

py=1-e ) (ay)' /! (16)

r-l )
P, =1—e'””22(ay/r2)]/j! (17)

7=0

The plan parameter for the gamma distribution with ¥ =2 and 3 in Table 2. The plan parameters

are determined using the Eq. (16) and Eq. (17) in Eq. (8) and Eq. (9) for other specified same
parameter as in Weibull distribution.

From the careful observations of the Table 2, we note that as the termination ratio the sample
size as well as the acceptance number reduces. We note the same trends in plan parameter when
the shape parameter increases from 2 to 3.
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Table 2°. Design parameters for the Gamma distributions when a=0.05.

S wu/u, Gamma with y =2 Gamma with y =3
=7, a=0.5 a=1.0 a=0.5 a=1.0
0.25 2 27,5 13,6 20,2 8,3
3 14,2 6,2 14,1 4,1
4 10, 1 4,1 7,0 i
S 1 1 1 2,0
6 1 1 1 1
7 3,0 1 1 1
8 1 1 1 1
9 1 2,0 1 1
10 1 1 1 1
0.10 2 43,7 19,8 34,3 14,5
3 38,6 14,5 19,1 8,2
4 19,2 8,2 1 6,1
5 14,1 5,1 11,0 1
6 1 1 1 3,0
7 1 1 1 1
8 1 1 1 1
9 8,0 1 1 1
10 1 1 1 1
0.05 2 52,8 25,10 46,4 18,6
3 32,4 13,4 23,1 9,2
4 22,2 9,2 1 7,1
5 16,1 6,1 1 1
6 1 1 15,0 1
7 1 1 1 4.0
8 1 1 1 1
9 1 1 1 1
10 10,0 1 1 i
0.01 2 76,11 35,13 65,5 25,3
3 40,4 18,5 41,2 14,3
4 29,2 13,3 32,1 9,1
5 1 11,2 1 1
6 23,1 1 22,0 1
7 1 8,1 1 1
8 1 1 1 6,0
9 1 1 1 1
10 1 1 1 1

*The upward arrow (1) indicates that the same value of the above cell applies.

Example 2. Consider the similar situation as in Example 1. Suppose now that the failure time of
the product under inspection follows the gamma distribution with shape parameter of 3. Let
consumer’s risk is 25 percent and the experimenter will accept the product if the true mean is
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greater than 5,000 hours and the producer’s risk should be less than 5 percent when the true
mean is 10,000 hours. The experiment time is 2,500 hours. Then for the experiment, we have
a=005, =025, r,=2 and a=0.5. So, from Table 2, we select that n =20 and c=2

This plan is implemented as: select a random sample of size 20 items and install these in 20
testers for 2500 hours. Accept the lot if there two or less failures are recorded during 2500 hours,
but reject the lot otherwise.

3.3 The Generalized Rayleigh Distribution

The Rayleigh distribution has many applications in life testing of electro-vacuum devices and in
communication engineering. See for more details [14]. The failure rate of this distribution is an
increasing linear function of time, which makes it suitable for modeling the lifetime of electronic
components. [18] derived a generalized form of the Rayleigh distribution called the generalized
Rayleigh distribution. Recently, [16] proposed an acceptance sampling plan assuming that the
life of parts follows the generalized Rayleigh distribution.

The cdf of the generalized Rayleigh distribution with integer shape parameter y and scale

parameter o is given by:

F(t)=1- i(t /0)1 e (18)

J=0

Note that it reduces to the Rayleigh (or Weibull) distribution if y=0. The mean of this
distribution is:

ﬂ=m0“2 (19)

where m=F(y+3/2)/F(|-y 1). So, the failure probability (1) for the generalized Rayleigh

distribution is given by:

2j - am/ u/ug )
4 am e
J.

Now, the failure probabilities at the two risks (when 7, =1) reduce to:

, 2/ (am)’
P, =1—E(M]. 1)

y 2j —(am/rz)2
p=1- [(am/'a) ¢ ) 22)
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Table 3. Design parameters for the generalized Rayleigh distribution when 0=0.05.

B | ulu, y=0 y=1 y=2
=7, a=0.5 a=1.0 | a=0.5| a=1.0 a=0.5 a=1.0
0.25 |2 28,3 11,4 36,1 5,1 42,0 5,1
3 15,1 4,1 19,0 2,0 1 2,0
4 1 t t t t t
5 ) 1 1 1 T T
6 8,0 2,0 1 1 1 1
7 ) 1 1 1 T T
8 1 1 1 1 I I
9 ) 1 1 1 T T
10 1 1 1 1 1 1
0.10 |2 50,5 15,5 52,1 9,2 117,1 6,1
3 29,2 8,2 31,0 6,1 69,0 5,0
4 21,1 6,1 1 4.0 1 1
5 ) 1 1 1 T T
6 1 1 1 1 1 1
7 12,0 3,0 1 1 1 1
8 1 1 t 1 1 1
9 i t 1 1 1 1
10 i t t i 1 i
0.05 |2 64,6 19,6 63,1 10,2 1421 7.1
3 342 10,2 40,0 7,1 90,0 5,0
4 25,1 7,1 1 4.0 1 1
5 ) 1 1 1 T T
6 ) 1 1 1 T T
7 12,0 1 1 1 1 1
8 ) 4,0 1 1 T T
9 1 1 1 1 I I
10 1 1 1 1 1 1
0.01 |2 93,8 27,8 1122 16,3 199,1 10,1
3 53,3 15,3 88,1 10,1 138,0 7,
4 442 12,2 60,0 7,0 1 1
5 35,1 9,1 1 1 1 1
6 ) 1 1 1 T T
7 1 1 1 1 I I
8 ) 1 1 1 T T
9 1 1 1 1 I I
10 24,0 6,0 1 1 1 1

*The upward arrow (1) indicates that the same value of the above cell applies.

Table 3 shows the sample size required and the acceptance number chosen for the generalized
Rayleigh distribution with y =0, 1 and 2. Other parameter setting is specified same as for the

Weibull case.

27



Designing of Time Truncated Acceptance Sampling Plans by Using Two-point Approach

It is seen from this table that the sample size required increases as the shape parameter increases
when a=0.5 but that it decreases when a=1.0.

Example 3. Now assume that the life of a ball bearing follows a generalized Rayleigh distribution
with shape parameter of 1. They would like to accept a lot of ball bearings if the true mean life is
greater than the specified life of 10,000 cycles at the consumer’s risk of 10 percent, whereas the
producer’s risk should be less than 5 percent when the true mean is 40,000 cycles. The manager
is willing to perform the life test during the specified life. In this example, the requirements say
that & = 0.05, £=0.10, , =4 and a=1.0. So, from Table 3, it is found that n =4 and ¢ =0.

It says that a sample of 4 bearings should be put on test during 10,000 cycles. Accept the lot if
there are no failures.

4. Some Comparisons

It may be interesting to see how the sample size varies according to the underlying distribution
having the same mean. Table 4 summaries the sample sizes for different mean ratios under
various distributions when a=0.05, f=0.1 and a=0.5. Table 5 is a similar table when a=1.0.

Table 4. Sample sizes required when 0=0.05, =0.1 and a=0.5.

u/u,=r, | Exponential Weibull Weibull Gamma Gamma Generalized
with y=2 with y=3 with y=2 with y=3 Rayleigh
with y=1
2 63 50 61 43 34 55
4 22 29 26 19 19 31
6 15 21 26 14 11 31
8 12 12 26 14 11 31
10 12 12 26 8 11 31

Table 5. Sample sizes required when 0=0.05, p=0.1 and a=1.0.

u/u,=r, | Exponential Weibull Weibull Gamma Gamma Generalized
with y=2 with y=3 with y=2 with y=3 Rayleigh
with y=1
2 37 15 9 19 14 9
4 13 8 4 8 6 4
6 9 6 4 5 3 4
8 7 3 4 5 3 4
10 7 3 4 5 3 4

It is observed that the sample sizes required are generally larger under the generalized Rayleigh
distribution than under Weibull or Gamma distributions when the test time is shorter.
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Table 6. OC values from two approaches for Weibull with y=2 and a=0.5

S wlu,=r, Two-point One-point
(n,c) OC value (n,c) OC value
0.25 2 28,3 0.9570 8,0 0.6752
3 15,1 0.9594 8,0 0.8398
4 15,1 0.9859 8,0 0.9065
5 15,1 0.9940 8,0 0.9391
6 8,0 0.9573 8,0 0.9573
7 8,0 0.9685 8,0 0.9685
8 8,0 0.9758 8,0 0.9758
9 8,0 0.9808 8,0 0.9808
10 8,0 0.9844 8,0 0.9844
0.10 2 50,5 0.9684 12,0 0.5549
3 29,2 0.9758 12,0 0.7697
4 29,2 0.9948 12,0 0.8631
5 29,2 0.9985 12,0 0.9101
6 21,1 0.9942 12,0 0.9366
7 12,0 0.9531 12,0 0.9531
8 12,0 0.9639 12,0 0.9639
9 12,0 0.9713 12,0 0.9713
10 12,0 0.9767 12,0 0.9767
0.05 2 64,6 0.9669 16,0 0.4559
3 34,2 0.9634 16,0 0.7053
4 25,1 0.9629 16,0 0.8217
5 25,1 0.9837 16,0 0.8819
6 25,1 0.9918 16,0 0.9164
7 25,1 0.9955 16,0 0.9379
8 16,0 0.9521 16,0 0.9521
9 16,0 0.9620 16,0 0.9620
10 16,0 0.9691 16,0 0.9691
0.01 2 93,8 0.9656 24,0 0.3079
3 53,3 0.9725 24,0 0.5924
4 44,2 0.9834 24,0 0.7449
5 35,1 0.9693 24,0 0.8282
6 35,1 0.9844 24,0 0.8773
7 35,1 0.9913 24,0 0.9083
8 35,1 0.9948 24,0 0.9290
9 35,1 0.9967 24,0 0.9435
10 24,0 0.9540 24,0 0.9540

The sample size is smallest under the Gamma distribution with y =3 among the chosen

distributions when the test time is relatively short (¢=0.5). However, when the test time is
relatively long (a=1) the sample sizes required are quite similar along the distributions.
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In order to demonstrate the utility of the proposed two-point approach, we compared the results
with those from the usual method of determining the design parameters by considering only the
consumer’s risk (called one-point method). The Weibull distribution with the shape parameter
y =2 was chosen just for an example, but other life distributions can be considered similarly.

The design parameters along with the corresponding OC values were calculated for various mean
ratios with the producer’s risk of 5 percent, which were shown in Table 6. It is observed that the
two-point approach ensures the quality requirements satisfying the consumer’s and the
producer’s risks and that the one-point method cannot provide the sufficient probability of
acceptance at some lower mean ratios. The results from both methods become identical when the
mean ratio increases.

5. Conclusion

The proposed approach can be applied to many other distributions that have not been considered
here as long as the unknown scale parameter is represented by its mean or the mean ratio to the
specified life. It is concluded that the gamma distribution with shape parameter 3 provides the
less sample size as compared to other distributions. Further, even the single-point approach
provides the less sample size as compared to the two-point approach but the probability of
acceptance may be less than the specified producer’s confidence level. Also, the proposed
approach is applicable to design some other sampling plans. A similar approach can be
developed for controlling median or some other quality measures instead of mean. Further
studies should be needed for economically designing the acceptance sampling plan to determine
the sample size and test time simultaneously by considering costs associated with testing each
item and with test time.
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